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Abstract
We argue that the scattering amplitudes in the maximally supersymmetric N = 4 super-
Yang-Mills theory possess a new symmetry which extends the previously discovered dual confor-
mal symmetry. To reveal this property we formulate the scattering amplitudes as functions in
the appropriate dual superspace. Rewritten in this form, all tree-level MHV and next-to-MHV
amplitudes exhibit manifest dual superconformal symmetry. We propose a new, compact and
Lorentz covariant formula for the tree-level NMHV amplitudes for arbitrary numbers and types
of external particles. The dual conformal symmetry is broken at loop level by infrared diver-
gences. However, we provide evidence that the anomalous contribution to the MHV and NMHV
superamplitudes is the same and, therefore, their ratio is a dual conformal invariant function.
We identify this function by an explicit calculation of the six-particle amplitudes at one loop.
We conjecture that these properties hold for all, MHV and non-MHV, superamplitudes in N = 4
SYM both at weak and at strong coupling.
1Laboratoire d’Annecy-le-Vieux de Physique The´orique, UMR 5108
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1 Introduction
The scattering amplitudes in maximally supersymmetric N = 4 super-Yang-Mills theory (SYM)
have a number of remarkable properties both at weak and at strong coupling. Defined as matrix
elements of the S−matrix between asymptotic on-shell states, they inherit the symmetries of
the underlying gauge theory. In addition, trying to understand the properties of the scattering
amplitudes, one can discover new dynamical symmetries of the N = 4 theory. A well-known
example is the twistor formulation of the scattering amplitudes by Witten [1].
In this paper we argue that the planar scattering amplitudes in N = 4 SYM theory have a
hidden symmetry that we call dual superconformal symmetry. It appears on top of all well-known
symmetries of the scattering amplitudes (supersymmetry, conformal symmetry, etc.) and is not
related (not in an obvious way, at least) to an invariance of the Lagrangian of the theory. Quite
remarkably, the same symmetry also emerges, in the planar limit, from fermionic T-duality of the
sigma model on an AdS5×S5 background in the AdS/CFT description of scattering amplitudes [2].
Hints of such a symmetry first came from the classification of the loop integrals entering the
perturbative expansion of the planar four-gluon maximally helicity violating (MHV) scattering
amplitude [3]. The latter was calculated up to three loops in terms of a restricted class of planar
integrals by Bern, Dixon and Smirnov (BDS) in [4]. In [5] it was observed that these integrals
all have a very special property. If one changes variables from momenta pµi to ‘dual coordinates’
xµi via
pµi = x
µ
i − x
µ
i+1 , (1.1)
then the integrals exhibit a formal conformal covariance in the dual x−space. This dual conformal
symmetry is formal because the integrals are in fact infrared divergent and the introduction of
dimensional regularisation breaks the symmetry. Nevertheless, even broken, the dual conformal
symmetry still imposes constraints on the on-shell scattering amplitudes. Their precise formula-
tion required further developments, both at strong and weak coupling. At strong coupling, Alday
and Maldacena applied the AdS/CFT correspondence to the study of scattering amplitudes in
N = 4 super-Yang-Mills [6]. According to their proposal, the planar n−gluon amplitudes with
various helicity configurations are related at strong coupling to the area of a minimal surface
in AdS5 space. This surface is attached to a closed polygon contour Cn made of n light-like
segments [xi, xi+1], defined by the on-shell gluon momenta according to (1.1). In the case of the
four-particle amplitude the area could be calculated explicitly and was shown to agree with the
ABDK/BDS conjecture about the all-order structure of MHV amplitudes [3, 4]. An important
observation made in [6] was that the calculation of the amplitude is mathematically identical to
that of a Wilson loop W (Cn) at strong coupling [7].
These findings together with previous results on the relation between infrared singularities
of scattering amplitudes and Wilson loops [8] subsequently lead to a formulation of the duality
between scattering amplitudes and light-like Wilson loops at weak coupling (see Fig. 1). Firstly,
in [9] it was found that at one-loop the four-point MHV amplitude matched the corresponding
Wilson loop W (C4). This was then generalised to n points at one loop [10]. The duality was
shown to hold beyond one loop at four [11], five [12] and six [13, 14] points. As discussed in [15],
the confirmation of the duality at six points and two loops necessarily implies the breakdown of
the BDS conjecture beyond five points. Indeed, evidence that the conjecture should fail for some
number of gluons had been found in [16]. The analysis of the Regge limits also shows the BDS
conjecture had indeed to fail at six points and two loops [17]. This was later confirmed by an
explicit two-loop six-gluon calculation [14]. Not only was it shown that the BDS conjecture fails
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at two loops, but it fails exactly so that the duality with the Wilson loop is maintained [13, 14].
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Figure 1: Diagrammatic representation of the scattering amplitude/Wilson loop duality. The
dashed line depicts the contour Cn.
An important feature of this duality is that the Wilson loop in N = 4 SYM has a natural
conformal symmetry. Applied to the dual scattering amplitudes, this implies an unexpected ‘dual’
conformal symmetry, acting on the particle momenta via their relation to the dual coordinates
xi (1.1). The conformal symmetry of the Wilson loop is formulated as an anomalous conformal
Ward identity (the anomaly is due to the ultraviolet divergences of the Wilson loop) [11, 12]. This
symmetry is sufficient to fix the form of the finite part of the four- and five-cusp Wilson loops,
both at weak [11, 12] and at strong coupling [16, 18]. For six-cusp Wilson loops and beyond, the
conformal symmetry leaves some freedom. So, the fact that the MHV amplitude continues to
agree with the Wilson loop at this level shows that there is more to the amplitude/Wilson loop
duality than just dual conformal symmetry.
The above developments referred to MHV amplitudes. A remarkably simple features of MHV
amplitudes is the fact that supersymmetry allows to reduce the problem of calculating all n-
particle MHV amplitudes to computing a single scalar function of the Mandelstam variables.
Amplitudes with other helicity configurations, such as next-to-MHV (NMHV), next-to-next-to-
MHV (N2MHV) and so on, are known to have a more complicated structure [19, 20, 21, 22, 23].
In this paper we provide evidence that amplitudes with arbitrary helicity configurations enjoy
a new, bigger symmetry which can be thought of as a supersymmetric generalization of dual
conformal symmetry.
In the planar limit, a generic n−particle scattering amplitude in the N = 4 SYM theory with
an SU(N) gauge group has the form
An({pi, hi, ai}) = (2π)
4δ(4)
( n∑
i=1
pi
) ∑
σ∈Sn/Zn
2n/2gn−2 tr[taσ(1) . . . taσ(n) ]An
(
σ(1h1 , . . . , nhn)
)
, (1.2)
where each scattered particle (scalar, gluino with helicity ±1/2 or gluon with helicity ±1) is
characterized by its on-shell momentum pµi (p
2
i = 0), helicity hi and color index ai. Here the sum
4
runs over all possible non-cyclic permutations σ of the set {1, . . . , n} and the color trace involves
the generators ta of SU(N) in the fundamental representation normalized as tr(tatb) = 1
2
δab. All
particles are treated as incoming, so that the momentum conservation takes the form
∑n
i=1 pi = 0.
The color-ordered partial amplitudes An
(
σ(1h1, . . . , nhn)
)
only depend on the momenta and
helicities of the particles and admit a perturbative expansion in powers of ‘t Hooft coupling
a = g2N/(8π2). The best studied so far are the gluon scattering amplitudes. In some cases,
amplitudes with external particles other than gluons can be obtained from them with the help
of supersymmetry. In particular, the supersymmetric Ward identities [24] imply that the partial
amplitudes An vanish to all orders in the coupling when at least n − 1 gluons have the same
helicity, 1
An(1
±, 2+, . . . , n+) = 0 . (1.3)
In the same way, for maximally helicity violating amplitudes (MHV) amplitudes, i.e. amplitudes
with two gluons of negative helicity, say the j−th and the k−th, all perturbative corrections can
be factorized into a universal scalar factor M
(MHV)
n independent of j and k
AMHVn (1
+... j−... k−... n+) = AMHVn;0 + aA
MHV
n;1 +O(a
2) = AMHVn;0 M
MHV
n . (1.4)
Here MMHVn =M
MHV
n ({sij}, a) is a function of the Mandelstam kinematical invariants and of the
‘t Hooft coupling. The tree amplitude is given, in the spinor helicity formalism pα˙α = (σµ)
α˙αpµ =
λαλ˜α˙, by the Parke-Taylor formula [25, 26]
AMHVn;0 = i
〈j k〉4
〈12〉〈23〉 . . . 〈n1〉
, (1.5)
where 〈jk〉 = ǫαβλαj λ
β
k and λ
α
j (or λ˜
α˙
j ) is a two-component Weyl commuting spinor with helicity
−1/2 (or +1/2). Two special features of the MHV amplitude (1.4) are that, firstly, the tree-level
factor is holomorphic in the λ−spinors and, secondly, the same function of spinors (1.5) appears
to all orders in ‘t Hooft coupling. This allows one to reduce the problem of calculating the MHV
amplitude to all loops to determining the scalar function MMHVn . We shall return to this function
shortly.
The above-mentioned simple properties of the MHV amplitudes are already lost for next-to-
MHV gluon amplitudes An (with n ≥ 6) which have three gluons of negative helicity. In that case,
the tree-level amplitude ANMHVn;0 (λ, λ˜) depends on both λ− and λ˜−spinors and, most importantly,
the perturbative corrections produce new helicity structures A
NMHV,(ℓ)
n;1 (λ, λ˜) different from the
tree-level one [19, 20, 21, 22, 23],
ANMHVn (1
+... i−... j−... k−... n+) = ANMHVn;0 (λ, λ˜)+a
∑
ℓ
A
NMHV,(ℓ)
n;1 (λ, λ˜)M
NMHV, (ℓ)
n;1 +O(a
2) . (1.6)
Another complication with the NMHV amplitude is due to the fact that the coefficients A
NMHV,(ℓ)
n;1
and the corresponding scalar Feynman integrals M
NMHV,(ℓ)
n;1 also depend on the positions of the
gluons i, j and k carrying negative helicities and, therefore, they have to be calculated separately
for each configuration of helicities. A general expression for the one-loop NMHV gluon amplitude
was given in [21] and it was later generalized to amplitudes with external particles different from
1This is true for n ≥ 4. However, for n = 3 one can construct e.g. amplitudes A3(1−, 2+, 3+) 6= 0 provided the
on-shell momenta are complex [1].
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gluons in [27]. The situation becomes even more complex for the N2MHV, . . . amplitudes. In this
case only certain parts of the one-loop amplitudes have been constructed using the quadruple cut
method [22], and at tree level only the restricted class of the so-called split-helicity amplitudes
were found [28].
Bearing in mind the simplicity of the Parke-Taylor formula (1.5) for MHV amplitudes, one
may wonder whether the complexity of the NMHV amplitudes is genuine or whether there exists
some symmetry which relates different NMHV amplitudes to each other and which allows us to
write them all in a compact form. In this paper we show that such a symmetry does exist. As a
hint, we return to the MHV amplitudes and recall [29] that the various tree-level MHV amplitudes
can be combined into a single MHV superamplitude by introducing Grassmann variables ηAi
(with A = 1, . . . , 4), one for each external particle. Since the perturbative corrections to the
MHV amplitude are factorized into a universal scalar factor (1.4), we can write the all-loop
generalization of the MHV superamplitude as
AMHVn (p1, η1; . . . ; pn, ηn) = i(2π)
4
δ(4)
(∑n
j=1 pj
)
δ(8)
(∑n
i=1 λ
α
i η
A
i
)
〈12〉〈23〉 . . . 〈n1〉
MMHVn , (1.7)
where δ(8)
(∑n
i=1 λi αη
A
i
)
=
∏
α=1,2
∏4
A=1 λi αη
A
i is a Grassmann delta function. The all-loop MHV
amplitudes appear as coefficients in the expansion of AMHVn in powers of ηi in such a way that
(ηi)
h ≡
∏h
k=1 η
Ak
i is associated with an external particle with momentum pi and helicity 1− h/2.
In particular, the gluon MHV amplitude (1.4) arises as
AMHVn = (2π)
4δ(4)
( n∑
i=1
pi
) ∑
1≤j<k≤n
(ηj)
4(ηk)
4AMHVn (1
+... j−... k−... n+) + . . . , (1.8)
where the dots denote terms describing MHV amplitudes with some external particles different
from gluons. As was already mentioned, the function MMHVn exhibits a very interesting sym-
metry when expressed in terms of the dual coordinates defined in (1.1). Explicit perturbative
calculations show [3, 4, 30] thatMMHVn is given by a sum of Feynman integrals which are formally
(in D = 4 dimensions) covariant under the SO(2, 4) transformations of the dual coordinates xµi .
Moreover, the conjectured duality between the MHV scattering amplitudes and light-like Wison
loops leads to the following relation [9, 10],
lnMMHVn = lnWn + const +O(ǫ, 1/N
2) , (1.9)
where Wn = W (Cn) is the expectation value of a Wilson loop evaluated over the light-like
polygonal contour Cn in Minkowski space-time, with vertices located at the points x
µ
i (with
i = 1, . . . , n),
Wn =
1
N
〈0| trP exp
(
ig
∮
Cn
dxµAµ
)
|0〉 . (1.10)
The divergences of MMHVn and Wn in (1.9) are regularized using dimensional regularization with
D = 4 − 2ǫ. As mentioned earlier, the natural (anomalous) conformal symmetry of the Wilson
loop induces a ‘dual’ conformal symmetry of the MHV amplitude.
In the present paper we show that the MHV superamplitude (1.7) possesses an even big-
ger, dual superconformal symmetry. This symmetry acts on the dual coordinates xµi and their
6
superpartners θAi α which are defined in close analogy with (1.1) in terms of odd variables η as
follows,
λαi η
A
i = θ
Aα
i − θ
Aα
i+1 . (1.11)
We demonstrate that when expressed in terms of the dual supercoordinates (xi, λ
α
i , θ
Aα
i ) the
MHV superamplitude (1.7) transforms covariantly under N = 4 superconformal (SU(2, 2|4))
transformations. Most importantly, dual superconformal symmetry also allows us to understand
much better the complicated structure of the one-loop NMHV amplitudes. We argue that, in a
close analogy with the MHV amplitudes, all NMHV amplitudes can be combined into a single
superamplitude ANMHVn which is a homogeneous polynomial of degree 12 in the Grassmann
variables ηAi . Similarly to (1.8), e.g., the gluon NMHV amplitudes arise as the coefficients in
front of (ηi)
4(ηj)
4(ηk)
4,
ANMHVn = (2π)
4δ(4)
( n∑
i=1
pi
)∑
i,j,k
(ηi)
4(ηj)
4(ηk)
4ANMHVn (1
+... i−... j−... k−... n+) + . . . . (1.12)
Quite remarkably, ANMHVn transforms covariantly under the dual superconformal transformations
and has the same conformal weights as the MHV superamplitude AMHVn . As a result, the ‘ratio’
of the two superamplitudes is given by a linear combination of superinvariants of the form (to
one-loop order)
ANMHVn = A
MHV
n ×
(
1
n
n∑
p,q,r=1
cpqr δ
(4) (Ξpqr) [1 + aVpqr +O(ǫ)] +O(a
2)
)
. (1.13)
Here δ(4) (Ξpqr) ≡
∏4
A=1 Ξ
A
pqr are Grassmann delta functions. The integers p 6= q 6= r label three
points in the dual superspace (xi, λ
α
i , θ
Aα
i ) . From the coordinates of these three points one makes
the dual superconformal covariants Ξpqr(x, λ, θ), linear in the odd variables θ . Both Ξpqr and the
c-valued coefficients cpqr(x, λ) transform covariantly under dual superconformal transformations
in such a way that the product cpqr δ
(4) (Ξpqr) remains invariant. Equivalently, the dual supercon-
formal invariants can be rewritten as functions of the on-shell superspace coordinates (λi, λ˜i, ηi)
as follows,
cpqr = cpqr(λ, λ˜) , Ξpqr = Ξpqr(λ, λ˜, η) , (1.14)
with the corresponding induced action of the dual superconformal algebra, in accord with the
defining relations (1.1) and (1.11).
The dependence on the coupling constant enters the right-hand side of (1.13) through the
perturbative corrections to the MHV superamplitude (1.4) and through the scalar factor involving
the functions Vpqr(xi). According to the duality relation (1.9), the former are determined by the
light-like Wilson loop Wn. Unlike Wn, the functions Vpqr(xi) remain finite as ǫ → 0 and, most
importantly, they are exactly invariant under dual conformal transformations of xµi . This means
that the dual conformal symmetry of the superamplitudes AMHVn and A
NMHV
n is broken by the
infrared divergences in such a way that the factor in parentheses in the right-hand side of (1.13),
to which we shall refer as the ‘ratio’ of the two superamplitudes, remains dual conformal as
ǫ→ 0.
We demonstrate this property by an explicit one-loop calculation for n = 6 and we conjecture
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that it should be true to all loops and for all superamplitudes in the N = 4 SYM theory,
An ≡ A
MHV
n +A
NMHV
n +A
N2MHV
n + . . .+A
Nn−4MHV
n
= AMHVn
[
Rn(ηi, λi, λ˜i) +O(ǫ)
]
. (1.15)
In the first of these relations the sum runs over all N...NMHV amplitudes and AN
n−4MHV
n = A
MHV
n
is the googly, or anti-MHV amplitude. The ratio function
Rn(ηi, λi, λ˜i) = 1 +R
NMHV
n +R
N2MHV
n + . . .+R
Nn−4MHV
n (1.16)
is finite as ǫ→ 0. Most importantly, it satisfies the dual conformal Ward identities
KµRn(ηi, λi, λ˜i) = DRn(ηi, λi, λ˜i) = 0 , (1.17)
with the dilatation D and conformal boost Kµ operators defined appropriately in the on-shell
superspace (ηi, λi, λ˜i).
In the simplest case n = 6, the general expression for the NMHV superamplitude (1.13)
simplifies due to the fact that all possible supercovariants Ξpqr can be expressed in terms of
Ξ146 and five other supercovariants obtained from Ξ146 by consecutive cyclic shift of the indices
i→ i+1, with the periodicity condition i+6 ≡ i. This leads to the following remarkably simple
one-loop expression for the n = 6 NMHV superamplitude
ANMHV6 = A
MHV
6
[
1
2
c146 δ
(4)(Ξ146) (1 + aV146) + (cyclic) +O(a
2)
]
, (1.18)
where the MHV superamplitude AMHV6 is given by (1.7) and (1.9). Here Ξ146 can be expressed
in terms of three Grassmann η−variables
Ξ146 = 〈61〉〈45〉
(
η4[56] + η5[64] + η6[45]
)
, (1.19)
while the function c146 is given by
c146 = −
〈34〉〈56〉
x246〈1| x16x63|3]〈1| x16x64|4]〈1| x14x45|5]〈1| x14x46|6]
, (1.20)
where the standard notation for contracting spinors λ, λ˜ and vectors x is used (see Appendix
A for more details). Finally, the scalar function V146 is given by a linear combination of scalar
(1-mass, 2-mass-hard and 2-mass-easy in the nomenclature of [31]) box integrals
V146 = − ln u1 ln u2 +
1
2
3∑
k=1
[
ln uk ln uk+1 + Li2(1− uk)
]
, (1.21)
where the periodicity condition ui+3 = ui is implied. This function depends on the conformally
invariant cross-ratios u1, u2 and u3 made from the dual coordinates,
u1 =
x213x
2
46
x214x
2
36
, u2 =
x224x
2
15
x225x
2
14
, u3 =
x235x
2
26
x236x
2
25
. (1.22)
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Expanding the right-hand side of the relation (1.18) in powers of η’s and comparing the result
with (1.12), it is straightforward to extract the expressions for the three different six-gluon NMHV
one-loop amplitudes A+++−−−, A++−+−−− and A+−+−+− and to verify that they agree with the
known results [19]. In the same manner, one can also verify that the superamplitude (1.18)
correctly reproduces the one-loop expressions for various NMHV amplitudes involving scalars
and gluinos [27].
The paper2 is organized as follows. In Sect. 2 we discuss the dual conformal properties of
gluon amplitudes. After recalling the formulation of MHV amplitudes in terms of commuting
spinors λα and λ˜α˙, we introduce dual coordinates xαα˙ and the notions of on-shell (coordinates
λ, λ˜), full (coordinates x, λ, λ˜) and dual (coordinates x, λ) spaces. We determine the action of
dual conformal symmetry (inversion) in these spaces, in particular, we derive the transformations
of the spinor variables λ and λ˜ from the known ones of x. We then show that all split-helicity tree-
level gluon amplitudes (MHV as well as non-MHV) are manifestly dual conformal covariant. We
conclude the section by recalling the anomalous dual conformal behavior of the loop corrections
to the MHV gluon amplitudes.
In Sect. 3 we introduce on-shell superspace, parametrized by the spinor variables λα and
λ˜α˙, as well as by Grassmann variables η
A. We recall the content of the on-shell N = 4 gluon
supermultiplet and give its realization in this superspace. Implementing the conditions for on-
shell supersymmetry, we rederive Nair’s description of MHV tree-level superamplitudes. We
then discuss the general structure of n−particle superamplitudes of the NkMHV type (with
k = 0, 1, . . . , n − 4) formulated in the on-shell superspace. We write them in a factorized form,
with the MHV superamplitude as a prefactor, followed by a homogeneous polynomial of degree
4k in the η−variables.
In Sect. 4, by analogy with the bosonic case, we go from on-shell superspace to full super-
space with coordinates xαα˙, λα, λ˜α˙, θ
A
α , η
A and then to chiral dual superspace with coordinates
xαα˙, λα, θ
A
α . We describe the realization of the N = 4 dual superconformal algebra su(2, 2|4) in
these spaces. This algebra has a central charge which is identified with helicity. We show that the
MHV tree-level superamplitudes become manifestly dual superconformal covariant, if rewritten
in the chiral dual superspace.
In Sect. 5 we apply this formalism to the simplest example of a NMHV superamplitude, the
six-particle case. We propose a compact description of the n = 6 tree-level superamplitude as
a product of the MHV superamplitude, followed by a set of three-point superconformal invari-
ants. The generalization to one loop is achieved by turning the coefficients of the superinvariants
into exactly dual conformal functions given in terms of one-loop box integrals. The dual con-
formal anomaly is then confined to the MHV prefactor. By expanding the superamplitude in
the η−variables, we obtain explicit expressions for various gluon amplitudes, and show that they
agree with the known results from the literature.
In Sect. 6 we generalize analysis to n-particle NMHV superamplitudes. We explain how to
systematically construct the three-point superconformal invariants, which match the coefficients
of the 3-mass-box integrals in the gluon amplitude. We show that their twistor coplanarity is
an immediate corollary of dual supersymmetry, combined with the obvious property of ‘super-
coplanarity’. We then make a proposal for the complete one-loop NMHV superamplitude. As a
byproduct, we obtain a new, very compact representation of the tree-level NMHV superampli-
tude, written down in a manifestly dual superconformal form.
2The results of this paper were reported at the workshops “Wonders of gauge theory”, Paris/Saclay, June 2008
[32] and “Gauge theory and string theory”, Zurich, July 2008.
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Sect. 7 contains concluding remarks and outlook. Various technical details are collected in
three appendices.
2 Dual conformal symmetry of gluon amplitudes
Since N = 4 SYM is a (super)conformal theory, we can expect that the scattering amplitudes
bear some traces of this symmetry. This is indeed true, as shown by Witten for tree-level MHV
amplitudes in [1]. However, the action of the conformal group, being linear in configuration space,
is rather complicated in momentum space. For example, the conformal boosts are generated by a
second-order differential operator (see (2.10) below). After a twistor transform this action again
becomes linear and the restrictions it imposes on the amplitude can be made manifest in the
twistor representation. However, the inverse twistor transform is difficult to perform explicitly,
therefore it is not easy to exploit this type of conformal symmetry.
The main subject of the present paper is a completely different kind of conformal symmetry
of the scattering amplitudes, with linear action on the momenta of the particles. Its origin cannot
be traced back to the Lagrangian of the theory. We may say that this is a dynamical symmetry.
It becomes manifest after we introduce a dual space in Sect. 2.3. Its coordinates xαα˙ are expressed
in terms of the particle momenta pαα˙ = λαλ˜α˙, where λα and λ˜α˙ are commuting spinor variables
discussed in Sect. 2.1. In Sect. 2.4 we define a conformal group SO(2, 4) with the standard
linear action on the dual space coordinates xαα˙ and derive the corresponding dual conformal
transformations of the spinor variables λα and λ˜α˙. In Sect. 2.5 we establish the transformation
properties of the tree-level MHV gluon amplitudes under dual conformal transformations. In
Sect. 2.6 we generalize the analysis to all split-helicity gluon amplitudes at tree level. In Sect. 2.7
we give the form of the dual conformal boost generator. Finally, in Sect. 2.8 we discuss the
loop corrections to the MHV amplitude. They produce infrared divergences which break the
dual conformal symmetry. This breakdown is controlled by an anomalous dual conformal Ward
identity.
2.1 MHV gluon tree-level amplitudes
The main objects of study in this paper are scattering amplitudes of massless particles in gauge
theories. Specifically, we are interested in N = 4 SYM theory, which involves bosons (gluons
and scalars), as well as fermions (gluinos). Each of these particles is characterized by its on-shell
momentum pµi (i = 1 . . . n) and helicity hi = ±1 (gluons), ±1/2 (gluinos), 0 (scalars). We shall
treat all particles as incoming, so that the total momentum conservation condition reads
n∑
i=1
(pi)
α˙α = 0 . (2.1)
To solve the on-shell condition for pi, it is convenient to introduce commuting spinor variables
3
p2i =
1
2
(pi)
α˙α(pi)αα˙ = 0 =⇒ (pi)
α˙α = λ˜α˙i λ
α
i , (2.2)
3In this paper we use two-component Weyl spinor notation for Lorentz vectors and spinors, see Appendix A
for details.
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where λαi (α = 1, 2) and λ˜
α˙
i (α˙ = 1˙, 2˙) are two-component spinors. We will refer to the space
with coordinates (λi, λ˜i) as the ‘on-shell’ space. If we wish to have real momenta p
µ
i in a space-
time with Minkowskian signature, these spinors transform under the Lorentz group SL(2,C),
and λ˜ = ±λ∗. However, in various applications of the spinor formalism (for instance, in the
generalized unitarity cuts approach of [22]), it is preferable to keep the momenta complex. In
this case, λ˜ is not the complex conjugate of λ.
Equation (2.2) allows us to determine λαi and λ˜
α˙
i in terms of the (complex) momentum (pi)
α˙α
up to a local (i.e., depending on the point i) complex scale,
λαi → ciλ
α
i , λ˜
α˙
i → c
−1
i λ˜
α˙
i . (2.3)
For real momenta (pi)
α˙α we have |ci| = 1, and the resulting U(1) phase can be identified with the
particle helicity at point i. The standard convention is that the spinors λ and λ˜ carry helicities
−1/2 and +1/2, respectively. Thus, the momentum (pi)α˙α has vanishing helicity. For complex
momenta, we can still use the generalized notion of ‘helicity’, meaning the weight under the scale
transformation (2.3).
Alternatively [1], we can say that the spinor variable λi α appears in the solution to the Weyl
(or massless Dirac) equation for a chiral spin-1/2 particle:
(pi)
α˙αψα(pi) = 0 =⇒ ψα(pi) = λi αΓ(pi) , (2.4)
provided the particle momentum satisfies the condition
(pi)
α˙αλi α = 0 . (2.5)
The general solution to (2.5) for (pi)
α˙α is of the form (2.2), thus introducing the antichiral spinor
λ˜α˙i .
An important point is that the wave function ψα(p), belonging to a representation of the
Lorentz group (a Weyl spinor), cannot have helicity. Indeed, helicity is a label for the massless
representations of the Poincare´ group, defined in a fixed Lorentz frame where pµ = (p, 0, 0, p).
The advantage of using the spinor variables λ and λ˜ is that we can make a bridge between Lorentz
and massless Poincare´ representations. Thus, the helicity +1/2 of the ‘particle’ (Poincare´ state)
Γ(p) is compensated by the helicity −1/2 of λα, while its spinor index makes the wave function
ψα(p) transform as a Lorentz representation. Similarly, we can relate an antichiral Weyl spinor
field to a particle of helicity −1/2, ψ¯α˙(p) = λ˜α˙Γ¯(p).
In the same way, we can introduce the spinor description of gluon states. On-shell glu-
ons are massless Poincare´ states of helicity ±1 described, correspondingly, by G±(p). Their
Lorentz covariant description makes use of the self-dual and anti-self-dual parts of the gluon field
strength tensor, Gαβ(p) and G¯α˙β˙(p), respectively, satisfying the equations of motion p
α˙αGαβ(p) =
G¯α˙β˙(p)p
β˙α = 0. Once again, the bridge between Poincare´ and Lorentz representations is made
with the help of the spinor variables, Gαβ(p) = λαλβ G
+(p) and G¯α˙β˙(p) = λ˜α˙λ˜β˙ G
−(p).
Now, let us consider the simplest example of n-gluon MHV scattering amplitudes. By defi-
nition, they involve only two gluons of, say negative helicity, while the other n − 2 gluons have
positive helicity. 4 Different MHV gluon amplitudes are then defined by the positions of the
4For amplitudes with external particles different from gluons, their classification (MHV, NMHV, . . .) is based
on the total helicity weight (the sum of helicities of all particles). Namely, n−particle MHV amplitudes have the
total helicity n− 4, next-to-MHV (NMHV) the helicity n− 6, etc.
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two negative-helicity gluons, e.g., (− − + . . .+), (− + − + . . .+), etc. In the former case, the
negative-helicity gluons appear contiguously and not separated by positive-helicity gluons as in
the latter case. Such amplitudes are called ‘split-helicity amplitudes’ [28].
In the spinor formalism, the MHV tree-level amplitude with the two negative-helicity gluons
occupying sites i and j is described by the following function of the spinor variables:
An;0
(
1+ . . . i− . . . j− . . . n+
)
= i(2π)4δ(4)(
n∑
k=1
pk)
〈i j〉4
〈1 2〉〈2 3〉 . . . 〈n 1〉
(2.6)
(here and in what follows An;0 denotes a tree-level n-particle amplitude and i± stands for the
gluon state G±(pi)). The delta function in (2.6) is the solution of the momentum conservation
condition (2.1), or equivalently of the condition for translation invariance of the amplitude,
pα˙α An(p) = 0 =⇒ An(p) ∝ δ
(4)
( n∑
i=1
pi
)
, (2.7)
where the total momentum
pα˙α =
n∑
i=1
(pi)
α˙α (2.8)
is the generator of translations in the momentum representation. The other factor in (2.6) is a
rational and holomorphic function of the Lorentz invariant contraction of spinor variables (see
Appendix A for our conventions for two-component spinors),
〈i j〉 = −〈j i〉 = λαi ǫαβ λ
β
j = λ
α
i λj α . (2.9)
Since each spinor λ carries helicity (−1/2), this factor has helicity (−1/2) at points i and j. By
counting the degree of homogeneity in λ on the right-hand side of (2.6), we read off the helicities
(−1) at points i and j, and (+1) elsewhere.
We conclude this subsection by recalling that MHV tree-level amplitudes (2.6) have a con-
formal symmetry [1]. This is the ordinary conformal symmetry SO(2, 4) of the N = 4 SYM
Lagrangian, but realized on the particle momenta (or, equivalently, on the spinor variables λ and
λ˜). In particular, the conformal boost generator takes the form of a second-order differential
operator
kαα˙ =
n∑
i=1
∂2
∂λαi ∂λ˜
α˙
i
, (2.10)
leading to kαα˙An;0 = 0.
2.2 On-shell space and full space
The scattering amplitudes have the following general form
An = i(2π)
4δ(4)(
n∑
i=1
pi)An(p1, . . . , pn) . (2.11)
The function An depends on the momenta pi of the incoming on-shell particles which are con-
strained in two ways. They are light-like vectors p2i = 0 and satisfy the momentum conservation
condition (2.1).
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As we saw in the previous subsection, it is natural to solve the on-shell constraints by in-
troducing spinor variables λi and λ˜i, Eq. (2.2). For this reason we call them coordinates of
the ‘on-shell space’. However, we should remember that the on-shell coordinates still satisfy a
constraint following from momentum conservation (2.1):
n∑
i=1
λ˜α˙i λ
α
i = 0 . (2.12)
It means that not all of the variables λi , λ˜i are independent. For instance, we could eliminate
any two spinors λk and λm (or two λ˜’s) in terms of the remaining n− 2.
Alternatively, we might wish to first solve the momentum conservation condition. To this end
we introduce new ‘dual’ coordinates xi (with i = 1, . . . , n)
n∑
i=1
(pi)
α˙α = 0 =⇒ (pi)
α˙α = (xi)
α˙α − (xi+1)
α˙α , (2.13)
satisfying the cyclicity condition
xn+1 ≡ x1 . (2.14)
Of course, we still have to impose the on-shell conditions p2i = 0, which imply that the dual
coordinates are constrained,
(xi − xi+1)
2 = 0 . (2.15)
We must make it very clear that the new variables xi have nothing to do with the coordinates
in the original configuration space (which are the Fourier conjugates of the particle momenta
pi). Indeed, as can be seen from (2.13), the x−variables have the ‘wrong’ dimension of mass. As
we will see shortly, these variables provide the natural framework for discussing the new ‘dual’
conformal symmetry of the amplitude.
At this stage we have proposed two sets of variables for describing the amplitude, the on-
shell coordinates λi, λ˜i satisfying the constraint (2.12), and the dual coordinates xi satisfying
the constraint (2.15). We can now combine these two sets of variables into a single one, by
defining the extended space with coordinates (λi, λ˜i, xi), which we call the ‘full space’. From the
compatibility of the solutions to (2.2) and (2.13) it follows that
(xi − xi+1)
α˙α = λ˜α˙i λ
α
i , xn+1 ≡ x1 . (2.16)
It is clear this identification yields both constraints (2.12) and (2.15).
We can think of the relation (2.16) as defining a surface in the full space. Then we can
interpret the function An(pi) = An(λi, λ˜i, xi) appearing in the amplitude (2.11) as a function
defined on this surface. Since An is a function of the particle momenta pi, it can only depend
on the dual coordinates through their differences xi − xj = xij , thus implying a dual translation
invariance,
Pαα˙An(λi, λ˜i, xi) = 0 (2.17)
with Pαα˙ being the generator of translations
Pαα˙ =
n∑
i=1
∂
∂xα˙αi
. (2.18)
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We would like to stress the fact that the generator Pαα˙ has nothing to do with the conventional
translation generator pαα˙, Eq. (2.8). The latter acts as a shift of the coordinates in the original
configuration space of the particles, while (2.18) acts as a shift of the dual coordinates.
To put it differently, we can say that the dual coordinates xi can be solved for from (2.16),
up to the freedom of choosing an arbitrary reference point, e.g., x1:
(xi)
α˙α = (x1)
α˙α −
i−1∑
k=1
λ˜α˙kλ
α
k . (2.19)
In other words, the definition of the dual coordinates (2.16) is invariant under shifts of the xi’s
by an arbitrary constant vector. Clearly, using the dual translation invariance (2.17) and the
constraint (2.16), we can always eliminate xi and obtain An as a function of λi and λ˜i on the
on-shell space. The other possibility is to eliminate λ˜i with the help of (2.16) and to express An
as a function of xi and λi only. This leads to a holomorphic description of the amplitudes that
we discuss in the following subsection.
2.3 Dual space
We can rewrite the constraint (2.16) without using the variables λ˜i,
(xi i+1)
α˙αλi α = λ
α
i (xi i+1)αα˙ = 0 , (2.20)
where the shorthand notation xi i+1 = xi − xi+1 was used. This form of the constraints is
reminiscent of, and partially inspired by the conditions on the spin-1/2 particle momentum
(2.5). Additional motivation for introducing the constraints in the form of (2.20) will come from
our discussion of dual supersymmetry in Sect. 4.2.
The relations (2.20) and (2.16) are in fact equivalent, since the general solution to (2.20) takes
the form
(xi i+1)
α˙α = λ˜α˙i λ
α
i , (2.21)
thus introducing the secondary variables λ˜i. In other words, the λ˜’s can be expressed in terms of
x and λ by projecting (2.21) with, e.g., λαi+1:
λ˜α˙i =
(xi i+1)
α˙αλi+1α
〈i i+ 1〉
. (2.22)
Once we have deduced (2.21) from the defining constraint (2.20), we can make contact with the
momenta of the particles through the identification λ˜α˙i λ
α
i = (pi)
α˙α. Applying the relation (2.22),
the function An(λi, λ˜i, xi) can now be regarded as a function of the variables xi and λi.
We call the space with coordinates (xi, λi) satisfying the defining constraint (2.20) the ‘dual
space’. Note that this space is holomorphic – we only need the (complex) variables xi, λi, but
not their complex conjugates. Later on, in Sect. 4.2 we shall see that the holomorphic dual space
has a natural extention to a chiral dual superspace.
In summary, we are proposing three different but equivalent descriptions of the scattering
amplitudes in the on-shell space (λi, λ˜i), in the full space (xi, λi, λ˜i) and in the dual space (xi, λi).
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The relations between these equivalent descriptions are shown in the following diagram:
PSfrag replacements
On-shell space
(λi, λ˜i)
Dual space
(xi, λi)
Full space
(xi, λi, λ˜i)
Eq. (2.19) Eq. (2.22)
Eq. (2.16)
As we will see in a moment, the dual space offers the most convenient framework for understanding
the new ‘dual conformal’ symmetry of the scattering amplitudes.
2.4 Dual conformal symmetry
As mentioned earlier, the main motivation for introducing the dual space was to exhibit a new,
unexpected conformal symmetry of the MHV amplitude. This is the conformal group SO(2, 4),
which acts linearly on the dual space coordinates, i.e. on the particle momenta (and not, we
stress again, on the coordinates of the particles in configuration space).
Our task in this section will be to learn how the dual conformal symmetry acts on the
coordinates (x, λ) of the dual space. We shall assume that the dual coordinates xα˙α transform
in the standard way under the conformal group SO(2, 4), and then deduce the transformation
properties of λα by requiring that the defining relation (2.20) should remain covariant.
It is well known that the conformal group SO(2, 4) can be obtained from the Poincare´ group
by adding the discrete operation of conformal inversion,
I[xαβ˙ ] =
xβα˙
x2
≡ (x−1)βα˙ . (2.23)
Notice that the inversion changes the chirality of two-component spinor indices. Performing an
inversion, followed by an infinitesimal translation and then by another inversion, we obtain the
generators of special conformal transformations (boosts), Kµ = IP µI. Then, commuting P µ
with Kν we get the rest of the conformal algebra o(2, 4), namely, Lorentz transformations and
dilatations. The operation of inversion is an involution, I2 = I, which easily follows from the
definition (2.23).
Let us now examine the effect of an inversion on the matrix (xi − xi+1)αβ˙. Using (2.23) we
obtain
I[(xi j)αβ˙] =
(
x−1i − x
−1
j
)
βα˙
= −(x−1j )ββ˙ (xi − xj)
β˙γ (x−1i )γα˙ ≡ −(x
−1
i xijx
−1
j )βα˙ . (2.24)
Specifying to the case j = i+ 1, this becomes
I[(xi i+1)αβ˙] = −(x
−1
i+1)ββ˙ (xi i+1)
β˙γ (x−1i )γα˙ . (2.25)
Now, we can use (2.25) to deduce the inversion properties of the spinor variables λ, such that
the constraint (2.20) remains covariant,
I
[
λαi (xi i+1)αβ˙
]
= −(x−1i+1)ββ˙ (xi i+1)
β˙γ (x−1i )γα˙I [λ
α
i ] = 0 . (2.26)
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Comparing this identity with the first relation in (2.20), we obtain that (x−1i )γα˙I [λ
α
i ] ∼ λi γ , or
equivalently
I [λαi ] = κi (xi)
α˙βλi β , I [λi α] = κi λ
β
i (xi)βα˙ , (2.27)
where κi is an arbitrary (x−dependent) weight factor. Here the second relation follows from the
first one after we raise/lower spinor indices and take into account the standard rules for inversion
of the Levi-Civita tensors,5
I[ǫαβ ] = ǫβ˙α˙ , I[ǫα˙β˙] = ǫβα . (2.28)
It is straightforward to verify that the inversion defined in (2.27) is an involution, I2 = I, provided
that I[κi] = 1/κi.
Using the transformation properties (2.27), we can easily show that the Lorentz invariant
contraction of two adjacent spinors 〈i i+ 1〉 is covariant under inversion:
I[〈i i+ 1〉] = I[λαi λi+1α] = −κiκi+1 λ
β
i+1 (xi+1xi)βαλ
α
i = κiκi+1〈i i+ 1〉x
2
i+1 , (2.29)
where in the last relation we took into account the constraint (2.20) to replace (xi+1xi)βαλ
α
i =
(xi+1xi+1)βαλ
α
i = x
2
i+1λ
β
i .
To fix the value of the weight factor κi, it is convenient to examine how the antichiral spinors
λ˜ transformation. We recall that they are not independent variables in the dual space, being
related to x and λ through (2.22). Applying inversion to both sides of (2.22) and taking into
account (2.25), (2.27) and (2.29), we find after some algebra that λ˜ also transform covariantly,
I[λ˜α˙i ] = κ˜i λ˜i β˙(xi)
β˙α , I[λ˜i α˙] = κ˜i (xi)αβ˙λ˜
β˙
i , (2.30)
with κ˜i = (κix
2
ix
2
i+1)
−1.
Let us now compare the relations (2.27) and (2.30). If we wish to treat λ˜i as the complex
conjugate of λi, the choice of the weight factor κi is unambiguous (up to a phase), κi = κ˜i =(
x2ix
2
i+1
)−1/2
. We prefer instead to follow the holomorphic dual space description and treat λ˜ as
secondary, dependent variables. In this case, we can take an arbitrary κi. A natural choice is
κi = 1/x
2
i and κ˜i = 1/x
2
i+1. Substituting these expressions into (2.27) and (2.30), we obtain
I [λαi ] = (x
−1
i )
α˙βλi β , I [λi α] = λ
β
i (x
−1
i )βα˙ , (2.31)
I[λ˜α˙i ] = λ˜i β˙(x
−1
i+1)
β˙α , I[λ˜i α˙] = (x
−1
i+1)αβ˙λ˜
β˙
i+1 ,
where (x−1)αα˙ = xαα˙/x
2 and we applied the constraint (2.20) in the second line to replace
(xi)αβ˙λ˜
β˙
i = (xi+1)αβ˙λ˜
β˙
i .
We are now ready to discuss how to build covariants of the dual conformal transformations
defined above. Specifically, for the purpose of constructing the scattering amplitudes, we are
interested in Lorentz invariant functions of xi, λi and λ˜i. If we restrict ourselves to functions of
xi only, then the basic covariants are the ‘distances’ between two points x
2
ij :
6
I[x2ij ] =
x2ij
x2ix
2
j
. (2.32)
5They can be obtained by considering, e.g., the Lorentz invariant contraction of two spinors, λ1αǫ
αβλ2β .
Inversion changes the chirality of a spinor (see (2.27)), therefore ǫαβ and ǫβ˙α˙ have to be swapped.
6Recall that in the dual space for scattering amplitudes x2i i+1 = p
2
i = 0.
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We have additional possibilities if we also include the spinor variables. Using the transformation
properties (2.31), we can easily show that the Lorentz invariant contractions of two adjacent
(anti)chiral spinors 〈i i+ 1〉 ≡ λαi λi+1α and [i i+1] ≡ λ˜i α˙λ˜
α˙
i+1 are covariant under inversion (see
also (2.29)):
I
[
〈i i+ 1〉
]
= (x2i )
−1 〈i i+ 1〉 , (2.33)
I
[
[i i+ 1]
]
= (x2i+2)
−1 [i i+ 1] .
Note, however, that all other Lorentz invariant contractions 〈ij〉 (or [ij]) with j 6= i+ 1 are not
covariant under the dual conformal symmetry. Besides these simplest examples, there exists a
large variety of dual conformally covariant and Lorentz invariant ‘strings’ made of xi, λi and λ˜i
that will be presented in Sect. 2.6.
2.5 Dual conformal transformation properties of the MHV tree-level
gluon amplitudes
In this section we examine the transformation properties of the MHV tree-level gluon amplitudes
(2.6) under the dual conformal transformations (2.23) and (2.31).
Let us first apply (2.23) and (2.31) to the MHV amplitude AMHVn;0 (1
−2−3+ . . . n+), which is an
example of a split-helicity amplitude. According to (2.6), this amplitude is given by a product
of a momentum delta function and a rational holomorphic function of the spinor variables with
i = 1 and j = 2. We start with the latter and use (2.33) to obtain its conformal inversion,
I
[
〈1 2〉4
〈1 2〉〈2 3〉 . . . 〈n 1〉
]
=
x22x
2
3 . . . x
2
n
(x21)
3
〈1 2〉4
〈1 2〉〈2 3〉 . . . 〈n 1〉
. (2.34)
Note the appearance of conformal weights (−3) at point x1 and (+1) at all remaining points.7
Let us now examine the conformal properties of the delta function in (2.6). Its role is to impose
the momentum conservation condition (2.1), or equivalently (2.13). Any function, multiplied by
δ(4)(
∑n
i=1 pi) (for example, the factor discussed in (2.34)) is thus defined on the constraint surface
(2.16) in the full space with the coordinates (xi, λi, λ˜i). By construction, the transformation
properties (2.23) and (2.31) are consistent with the constraints (2.13) and (2.16), therefore we
may say that dual conformal transformations do not take us out of the constraint surface. But we
still have to answer the question how the delta function itself transforms. Obviously, we cannot
use the constraints (2.13), together with the cyclicity condition xn+1 = x1, because this will lead
to the vanishing of the argument of the delta function.
The answer to this question is found by realizing that the momentum conservation constraint
is solved by the substitution pi = xi − xi+1 only if the cyclicity condition (2.14) is imposed.
Let us relax it for a moment, xn+1 6= x1, while still keeping the relations (xi − xi+1)α˙α = λ˜α˙i λ
α
i .
In particular, we assume that (xn − xn+1)α˙α = λ˜α˙nλ
α
n instead of the cyclic (xn − x1)
α˙α = λ˜α˙nλ
α
n.
7Here we use the same conventions for assigning conformal weights as in conformal field theory. Namely, the
two-point function of a primary scalar field with conformal weight j has the form 〈φ(x1)φ(x2)〉 = 1/x
2j
12. Under
inversions it transforms as I[〈φ(x1)φ(x2)〉] = (x21x
2
2)
j〈φ(x1)φ(x2)〉, which explains the weight assignments in
(2.34).
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Then
∑n
i=1 pi = x1 − xn+1 6= 0, the delta function in (2.6) is replaced by δ
(4)(x1 − xn+1) and the
amplitude takes the following form:
AMHVn;0
(
1−2−3+ . . . n+
)
= i(2π)4δ(4)(x1 − xn+1)
〈1 2〉4
〈1 2〉〈2 3〉 . . . 〈n 1〉
. (2.35)
The role of the delta function now is to impose the identification xn+1 = x1 in the rational factor
in (2.6), instead of the momentum conservation (2.1). Such a delta function, defined in the dual
space, is manifestly conformally covariant. It has conformal weight four at point 1 (needed to
compensate that of the integration measure,
∫
d4x1 δ
(4)(x1 − xn+1) = 1). Thus, the tree-level
MHV split-helicity amplitude transforms under conformal inversions as follows,
I
[
AMHVn;0
(
1−2−3+ . . . n+
)]
=
(
x21x
2
2 . . . x
2
n
)
AMHVn;0
(
1−2−3+ . . . n+
)
, (2.36)
so we conclude that it has conformal weight (+1) at all points. In a similar manner, it is
straightforward to verify that all tree-level MHV split-helicity amplitudes AMHVn;0
(
. . . G−i G
−
i+1 . . .
)
are dual conformal covariant. Moreover, as we will show in the next subsection, the same property
holds for all split-helicity tree-level non-MHV amplitudesAn;0 (1− . . . q−(q + 1)+ . . . n+), i.e. those
amplitudes in which the negative-helicity gluons appear contiguously.
However, the tree-level non-split-helicity MHV amplitudes AMHVn;0 (. . . i
− . . . j− . . .), Eq. (2.6),
involve the spinor contractions 〈i j〉 which, as noted above, are not covariant for |i − j| > 1.
Therefore the MHV gluon amplitudes where the negative-helicity gluons are not at adjacent
points, are not dual conformal, at least not on their own. At first sight, it might seem that
dual conformal symmetry is an isolated property of a very special class of gluon amplitudes, the
split-helicity amplitudes. In fact, the full understanding of the role of dual conformal symme-
try is achieved when the gluon amplitudes are combined together with the amplitudes involving
other particles (gluinos, scalars) into a bigger and unifying object, the N = 4 superamplitude.
We do this in Sect. 4.4 where we show that only the complete MHV superamplitude (see (3.22)
below) has well defined conformal properties. There we also explain why its various compo-
nents, i.e. the split-helicity and other gluon amplitudes behave differently under dual conformal
transformations.
2.6 Split-helicity gluon amplitudes at tree level
Let us now show that dual conformality is a property of a much wider class of non-MHV am-
plitudes, the split-helicity amplitudes. These are color-ordered n−gluon amplitudes with the
helicities distributed as An;0 (1− . . . q−, (q + 1)+ . . . n+).
The split-helicity amplitudes are special because they form a closed set under the BCF/BCFW
tree-level recursion relations [33, 34]. These relations have been solved in [28] and the explicit
expression for the tree level split-helicity amplitudes reads
An;0
(
1− . . . q−(q + 1)+ . . . n+
)
= i(2π)4δ(4)
( n∑
i=1
pi
)min(q−3,n−q−2)∑
k=0
∑
Ak, Bk+1
N31N2N3
D1D2D3
. (2.37)
Here Ak = (a1, a2, ..., ak) andBk+1 = (b1, b2, ..., bk+1) range over all subsets of the indices {2, ..., q−
2} and {q+1, ..., n−1} of size k and k+1 respectively. In terms of the dual variables, the quantities
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Ni are given by,
N1 = 〈1|x1, b1+1xb1+1, a1+1xa1+1, b2+1 . . . xbk+1+1, q|q〉 ,
N2 = 〈b1 + 1, b1〉 . . . 〈bk+1 + 1, bk+1〉 ,
N3 = [a1, a1 + 1] . . . [ak, ak + 1] , (2.38)
and similarly for Di,
D1 = x
2
2,b1+1
x2b1+1,a1+1x
2
a1+1,b2+1
. . . x2bk+1+1,q ,
D2 = [2 3][45] . . . [q − 2, q − 1]〈q, q + 1〉〈q + 1, q + 2〉 . . . 〈n1〉 ,
D3 = [2|x2,b1+1|b1 + 1〉〈b1|xb1,a1 |a1][a1 + 1|xa1+1,b2+1|b2 + 1〉 . . . 〈bk+1|xbk+1,q−1|q − 1] . (2.39)
The important property of the relations (2.38) and (2.39) is that the quantities Ni and Di are
built from manifestly dual conformal covariant objects like x2ij , 〈i, i+ 1〉, [i, i+1] as well as strings
of x’s ‘sandwiched’ between λ’s and λ˜’s. The shortest string of the latter type is8
λαi (xij)αα˙λ˜
α˙
i ≡ 〈i|xij |j] = 〈i|xi+1 j |j] = 〈i|xi+1 j−1|j] , (2.40)
where we have used the identities, e.g., xij = xi i+1 + xi+1 j and 〈i|xi i+1 = 〈ii〉[i| ≡ 0. The first
way of writing this string, 〈i|xij |j], clearly shows that it is dual conformally covariant. Indeed,
from (2.24) and (2.31) we obtain
I
[
〈i|xij |j]
]
= 〈i|x−1i · (x
−1
i xijx
−1
j ) ·
xj
x2j+1
|j] =
〈i|xij|j]
x2ix
2
j+1
. (2.41)
Further, longer strings can be formed by multiplying together several x−matrices. For example,
I
[
〈i|xijxjk|k〉
]
=
〈i|xijxjk|k〉
x2ix
2
jx
2
k
. (2.42)
It is straightforward to generalize this to strings built from an arbitrary number of x insertions.
It is sufficient that the two neighboring x’s have a common subscript to ensure that the entire
string transforms covariantly. This is exactly what we see in (2.38) and (2.39).
Performing conformal inversion in (2.38) and (2.39) and combining the various conformal
weight factors, we find that the ratio of N− and D−functions entering (2.37) has conformal
weight (+1) at all points except for point x1 which has weight (−3). Similarly to the MHV split-
helicity amplitudes, the delta function δ(4)
(∑n
i=1 pi
)
= δ(4)(x1 − xn+1) is conformally covariant,
bringing in an additional conformal weight (+4) at point x1, thus making the total weight equal
to (+1). Since the assignment of dual conformal weights is independent of Ak and Bk+1, every
term in the sum (2.37) has the same weight (+1) at all points and, therefore, the whole expression
for the split-helicity amplitude (2.37) is manifestly dual conformal covariant,
I
[
An;0
(
1− . . . q−(q + 1)+ . . . n+
)]
=
(
x21x
2
2 . . . x
2
n
)
An;0
(
1− . . . q−(q + 1)+ . . . n+
)
. (2.43)
8Clearly, this string vanishes for j = i+ 1.
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2.7 Dual conformal boost generators in the full space
As discussed above, the form of the generators of infinitesimal dual conformal transformations
can be obtained through the relation K = IPI. An alternative, more geometrical approach is to
consider the full space with all the coordinates x, λ, λ˜. In this space the amplitude has support
only on a surface defined by the constraints (2.16).
To discuss the infinitesimal transformation properties of the amplitude under dual conformal
symmetry we need to construct generators which preserve the surface. This is achieved by
complementing the conformal generators acting on the x coordinates,
n∑
i=1
xα˙βi x
β˙α
i
∂
∂xβ˙βi
, (2.44)
by terms which act on λ and λ˜ in such a way that they commute with the constraints modulo
constraints. There is some ambiguity in this procedure, just as we saw that there is an ambiguity
in defining the inversions of λ and λ˜ in Sect. 2.4. The choice which corresponds to the inversion
defined there is
K α˙α =
n∑
i=1
[
xα˙βi x
β˙α
i
∂
∂xβ˙βi
+ xα˙βi λ
α
i
∂
∂λβi
+ xβ˙αi+1λ˜
α˙
i
∂
∂λ˜β˙i
]
. (2.45)
This formula summarizes the infinitesimal dual conformal transformation of all variables in the
full space with coordinates xi, λi, λ˜i. To derive the action of the dual conformal generator in the
on-shell space with coordinates λi, λ˜i we can simply ignore the first term in (2.45). Note however
that the action of K α˙α on a function of λi, λ˜i will necessarily introduce the dual coordinates xi, so
the on-shell space is not best suited for investigating the dual conformal properties of amplitudes.
To derive the action of the conformal generator in the dual space with coordinates xi, λi we can
ignore the third term in (2.45).
2.8 Dual conformal properties of the complete MHV amplitude
The perturbative (loop) corrections to the tree-level amplitude (2.6) take the form
AMHV = AMHVn;0 Mn(xi) (2.46)
where
Mn(xi) = 1 + aM
(1)
n (xi) + a
2M (2)n (xi) + . . . (2.47)
is a function of the dual coordinates xi (or, equivalently, of the momenta pi)
9, given by its per-
turbative expansion in terms of the coupling a = g2N/8π2. Each term in this expansion is a
combination of divergent loop momentum integrals. For example, in the dimensional regulariza-
tion scheme (D = 4 − 2ǫ with ǫ > 0, regularization scale µ) the one-loop correction is given by
the function [31]
M (1)n (xi) = −
1
ǫ2
n∑
i=1
(−x2i,i+2 µ
2)ǫ + F (1)n (2.48)
9The reason why there is no explicit dependence on the spinor variables λ, λ˜ in the function M is that the
helicity weights of the amplitude are carried by the tree-level prefactor in (2.46). We know that λi, λ˜i can be
expressed in terms of xi i+1 from (2.21), up to a helicity scale. Then any helicity neutral function f(λ, λ˜) can be
rewritten as a function of x.
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where
F (1)n =
1
2
n∑
i=1
gn,i , gn,i = −
⌊
n
2
⌋−1∑
r=2
ln
( x2i,i+r
x2i,i+r+1
)
ln
(x2i+1,i+r+1
x2i,i+r+1
)
+Dn,i + Ln,i +
3
2
ζ2 . (2.49)
For n even, n = 2m, the functions Dn,i and Ln,i are
Dn,i = −
m−2∑
r=2
Li2
(
1−
x2i,i+rx
2
i−1,i+r+1
x2i,i+r+1x
2
i−1,i+r
)
−
1
2
Li2
(
1−
x2i,i+m−1x
2
i−1,i+m
x2i,i+mx
2
i−1,i+m−1
)
, (2.50)
Ln,i =
1
4
ln2
( x2i,i+m
x2i+1,i+m+1
)
and for n odd there are similar expressions.
Clearly, the presence of divergences and consequently the need to use dimensional regular-
ization breaks dual conformal invariance. Remarkably, however, this breakdown occurs in a
controlled way to all orders in the coupling, as we have shown in [11, 12]. To see this one splits
lnMn = lnZn + lnFn, where lnZn contains the infrared divergences (double and simple poles),
while the finite part lnFn is subject to the anomalous conformal Ward identity
Kµ lnFn =
n∑
i=1
(2xνi xi · ∂i − x
2
i ∂
ν
i ) lnFn =
1
2
Γcusp(a)
n∑
i=1
ln
x2i,i+2
x2i−1,i+1
xνi,i+1 . (2.51)
The operator on the left-hand side is the generator of dual conformal boosts Kµ, obtained by
applying (2.45) to a function of the dual coordinates xi only. The anomaly term on the right-hand
side is determined by the cusp anomalous dimension Γcusp(a).
The general solution of (2.51) allows some freedom in the form of an arbitrary function of the
conformally invariant cross-ratios
uijkl =
x2ijx
2
kl
x2ilx
2
jk
, (2.52)
if n ≥ 6 (for n = 4, 5 there exist no cross-ratios, due to the light-like separation of adjacent
points).
In summary, the MHV superamplitude consists of two factors, the tree-level prefactor AMHVn;0
and the perturbative corrections factorMn(xi). The former is an exact dual conformal covariant,
while the latter has an anomalous dual conformal behavior controlled by an all-order Ward
identity. We can conclude that the MHV superamplitude is compatible with dual conformal
symmetry, after taking the anomaly into account.
3 N = 4 supersymmetry and scattering amplitudes
Apart from the two gluon statesG± with helicities ±1, theN = 4 SYM theory also describes eight
fermion states (gluinos) ΓA and Γ¯
A with helicities 1/2 and −1/2, respectively, and six scalars (he-
licity zero states) SAB = −SBA. Here A,B,C,D = 1, . . . , 4 are indices of the (anti)fundamental
representation of the R symmetry group SU(4). These particles can scatter into each other in
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many different combinations, which results in a large variety of amplitudes. For instance, the
MHV tree amplitude involving one negative-helicity gluon and two gluinos reads:10
An;0(G
−(1)ΓA(2)Γ¯
B(3)G+(4) . . . G+(n)) = i(2π)4δBA δ
(4)(
n∑
i=1
pi)
〈1 2〉〈1 3〉3
〈1 2〉〈2 3〉 . . . 〈n 1〉
. (3.1)
These various scattering amplitudes are related to each other through supersymmetric Ward
identities [35, 36].
To discuss the symmetry properties of the scattering amplitudes, it would be desirable to find
a way to present all scattering amplitudes in the N = 4 theory as one simple and compact object
with manifest supersymmetry. In the simplest case of MHV tree-level amplitudes this has been
achieved some time ago by Nair [29]11 who proposed to use a particular type of N = 4 on-shell
superspace.
In this section we rederive the well-known expression for the MHV superamplitude by exploit-
ing the on-shell supersymmetry. Then we generalize the construction to an arbitrary n-particle
superamplitude. We start with a brief reminder of the structure of the N = 4 supermultiplets
of massless states in Sect. 3.1. Then we reformulate these multiplets in on-shell (or light-cone)
superspace in Sect. 3.2. This superspace is used in Sect. 3.3 to give a general description of all
n-particle superamplitudes, including Nair’s MHV amplitude, but also all non-MHV amplitudes.
These superamplitudes are expressed in terms of invariants of the on-shell supersymmetry.
3.1 N = 4 gluon supermultiplet
Here we recall (see, e.g., the textbook [37]) how one builds the massless representations (or
supermultiplets) of the N = 4 supersymmetry algebra
{qAα , q¯B α˙} = δ
A
B pαα˙ ≡ δ
A
B p
µ(σµ)αα˙ , (3.2)
where σµ = (I, ~σ) and ~σ are the Pauli matrices. In the massless case, p
2
µ = 0, we can choose the
Lorentz frame in which pµ = (p, 0, 0, p) and the relation (3.2) becomes
{qAα , q¯B α˙} = δ
A
B (1 + σ3)αα˙ p , (3.3)
so the algebra (3.3) is reduced to the Clifford algebra
{qA1 , q¯B 1˙} = 2δ
A
B p (3.4)
with all the other anticommutators vanishing. In this frame the states (massless Poincare´ repre-
sentations) are labeled by their helicity, the eigenvalue of the Lorentz generator J12. For chiral
spinors it is 1
2
(σ12)α
β, and the helicity of, e.g., qA1 is 1/2. For antichiral spinors J12 =
1
2
(σ˜12)α˙
β˙,
so that the helicity of q¯A 1˙ is −1/2.
Next, we define a vacuum state of helicity h by the condition that it be annihilated by all
those supersymmetry generators which anticommute among themselves (annihilation operators):
qA1 |h〉 = q
A
2 |h〉 = q¯A 2˙|h〉 = (J12 − h)|h〉 = 0 . (3.5)
10It has total helicity n− 4, therefore it is an MHV amplitude.
11Here we use a modified version of Nair’s description proposed by Witten [1].
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Then the massless supermultiplet of states is obtained by applying the four creation operators
q¯A 1˙ to the vacuum:
State Helicity Multiplicity
|h〉
q¯A 1˙|h〉
q¯A 1˙q¯B 1˙|h〉
ǫABCDq¯A 1˙q¯B 1˙q¯C 1˙|h〉
ǫABCD q¯A 1˙q¯B 1˙q¯C 1˙q¯D 1˙|h〉
h
h− 1/2
h− 1
h− 3/2
h− 2
1
4
6
4
1
(3.6)
In a physical theory the helicity should be |h| ≤ 2, so in the case N = 4 the allowed values
are h = 1, 3/2, 2. We see that the multiplet obtained by choosing h = 1 is self-conjugate under
PCT, since it contains all the helicities ranging from +1 to −1. This is the so-called N = 4
gluon supermultiplet, describing massless particles of helicities ±1 (gluons), ±1/2 (gluinos) and
0 (scalars).
3.2 Covariant on-shell N = 4 superspace
The construction of the preceding section has the drawback that it requires the choice of a special
frame, thus manifestly breaking Lorentz invariance. Having the spinor variables λα and λ˜α˙ at our
disposal, we can do better. We can reproduce the supermultiplet (3.6) in a manifestly Lorentz
covariant way.12
Let us rewrite the supersymmetry algebra (3.2) using the representation (2.2) of the on-shell
momentum:
{qAα , q¯B α˙} = δ
A
B λαλ˜α˙ . (3.7)
The two-component spinor qAα has two Lorentz covariant projections, one ‘parallel’ to λα, q
A
||α =
λαq
A (with λαqA||α = 0), the other ‘orthogonal’, q
A
⊥ = λ
αqAα . The same applies to q¯A α˙. Multiplying
(3.7) by λα or by λ˜α˙, we see that the projections qA⊥ and q¯⊥A anticommute with each other
and with the rest of the generators. These are the covariant analogs of the explicit light-cone
projections qA2 and q¯A 2˙ from (3.5). Then we substitute the projections q
A
||α and q¯||A α˙ in (3.7) and
obtain
{qA, q¯B} = δ
A
B . (3.8)
Clearly, this is the covariant analog of the Clifford algebra (3.4), with qA and q¯A being the
equivalents of the annihilation operator qA1 and the creation operator q¯A 1˙, respectively.
It is well known that such algebras are most naturally realized in terms of anticommuting
(Grassmann) variables ηA:
qA = ηA , q¯A =
∂
∂ηA
, {ηA, ηB} = 0 . (3.9)
Since the creation operator q¯A 1˙ has helicity −1/2, the variables η
A should have helicity 1/2.
12The idea to use auxiliary commuting spinor variables for a covariant description of light-cone supersymmetry
has been introduced a long time ago under the name of ‘light-cone harmonic superspace’ [38].
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We can now use the generators (3.9) to reproduce the content of the multiplet (3.6) in the
convenient and compact form of a super-wave function
Φ(p, η) = G+(p) + ηAΓA(p) +
1
2
ηAηBSAB(p) +
1
3!
ηAηBηCǫABCDΓ¯
D(p)
+
1
4!
ηAηBηCηDǫABCDG
−(p) . (3.10)
The analog of the vacuum with helicity h = 1 is the first term in (3.10), which can be identified
as G+(p) = Φ(p, 0). The next state in the multiplet is obtained by applying the creation operator
q¯A, i.e. ΓA(p) = q¯AΦ(p, η)|η=0, etc. Notice that the helicity of each component wave function in
(3.10) is balanced by that of the Grassmann variables, so that the super-wave function Φ(p, η)
carries overall helicity (+1).
Let us recall the discussion of particle states and wave functions from Sect. 2.1. There we
used the spinor variables to relate the Lorentz covariant wave function of, e.g., a gluon Gαβ(p)
to the corresponding state of helicity +1, Gαβ(p) = λαλβG
+(p). Now we see all these states,
i.e. wave functions ‘stripped’ of their Lorentz structures, gathered together in the super-wave
function (3.10).
To summarize, with the help of the spinor variables we have been able to covariantly split the
supersymmetry generators into two halves (the covariant analogs of the light-cone projections).
The projections qA⊥ and q¯⊥A play no role in the construction of the massless supermultiplet,
therefore we can set them to zero. Then, the on-shell supersymmetry generators are realized on
the light-cone super-wave functions (3.10) as follows:
qAα = λαη
A , q¯A α˙ = λ˜α˙
∂
∂ηA
, (3.11)
so that under infinitesimal supersymmetry transformations we find
δΦ(p, ηA) =
(
ǫαAq
A
α + ǫ¯
Aα˙q¯A α˙
)
Φ(p, ηA) =
(
ǫAη
A + ǫ¯A
∂
∂ηA
)
Φ(p, ηA) . (3.12)
Note that the super-wave function undergoes transformations with covariantly projected param-
eters ǫA ≡ ǫαAλα and ǫ¯
A ≡ ǫ¯Aα˙λ˜α˙. In this way we obtain the supersymmetry transformations of
the component wave functions
δG+ = ǫ¯AΓA , δΓA = ǫAG
+ − ǫ¯BSBA , etc. (3.13)
Finally, we point out that our approach to the on-shell superspace is holomorphic. We made
our choice in favor of the Grassmann variables ηA, and did not use their conjugates η¯A. Equiv-
alently, we can say that here we favor a chiral description, since in (3.11) we chose to represent
the chiral generator qAα as a multiplication operator, and not the antichiral q¯A α˙. This choice
will subsequently determine our preference for a chiral dual superspace in Sect. 4.2. Of course,
we could have equally well described the N = 4 gluon supermultiplet by an anti-holomorphic
super-wave function of overall helicity (−1):
Φ¯(η¯, p) = G−(p) + η¯AΓ¯
A(p) +
1
2
η¯Aη¯BS¯
AB(p) +
1
3!
η¯Aη¯B η¯Cǫ
ABCDΓD(p)
+
1
4!
η¯Aη¯B η¯C η¯Dǫ
ABCDG+(p) . (3.14)
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We see once again the special property of this multiplet of being PCT self-conjugate. In fact,
this is the reason why we can choose a purely holomorphic description of the multiplet and,
subsequently, a chiral dual superspace for the superamplitude. In a theory with N = 2 or
N = 1 supersymmetry the gluon multiplet is not self-conjugate, therefore we would need both a
holomorphic and an anti-holomorphic super-wave functions for the full theory.
The equivalence of the two descriptions of the N = 4 gluon multiplet can also be shown by
establishing an explicit relation between (3.10) and (3.14). It takes the form of a Grassmann
Fourier transform:
Φ¯(p, η¯) =
∫
d4η eη¯Aη
A
Φ(p, η) . (3.15)
3.3 Superamplitudes in N = 4 SYM
In this section we construct a superamplitude which gives a compact description of the scattering
amplitudes of all the particles in the N = 4 theory,
An(λ, λ˜, η) = A(Φ(1)Φ(2) . . .Φ(n)) , (3.16)
where Φ(i) = Φ(pi, ηi) (with i = 1, . . . , n) stands for the N = 4 supermultiplet (3.10) and
(pi)
α˙α = λ˜α˙i λ
α
i is the on-shell momentum of the particles in the supermultiplet. In general,
An(λi, λ˜i, ηi) is an inhomogeneous polynomial of degree 4n in the odd variables ηAi . However, as
we will see shortly, invariance under on-shell supersymmetry restricts the minimal degree to be
8 and the maximal to be 4n− 8. How can we construct such invariants?
We begin by remarking that the generator
qAα =
n∑
i=1
qAiα , (3.17)
with each qAiα of the form (3.11), acts on the super-wave function by multiplication, just like the
translation generator (2.8) in momentum representation. Therefore, exactly as in (2.7), requiring
the invariance of An(λi, λ˜i, ηi) we can deduce13
pαα˙ An(λ, λ˜, η) = q
A
α An(λ, λ˜, η) = 0 ⇒ An(λ, λ˜, η) = δ
(4)(pαα˙) δ
(8)(qAα ) Pn(λ, λ˜, η) , (3.18)
where δ(8)(qAα ) =
∏4
A=1
∏
α=1,2 q
A
α is a Grassmann delta function and Pn is some polynomial in
ηAi . According to (3.18), the superamplitude (3.16) factorizes into δ
(8)(qAα ) of Grassmann degree
8 and another polynomial Pn. As we explain in a moment, the maximal degree of Pn in η is not
4n−8 but 4n−16. Moreover, since each ηAi carries an SU(4) index while Pn should be a singlet,
the polynomial Pn can be split into a sum of SU(4) singlet homogeneous polynomials of degree
multiple of 4,
An(λ, λ˜, η) = i(2π)
4 δ(4)(
n∑
i=1
λαi λ˜
α˙
i ) δ
(8)(
n∑
i=1
λαi η
A
i )
[
P(0)n +P
(4)
n +P
(8)
n + . . .+P
(4n−16)
n
]
. (3.19)
13Consider the degenerate case where all λi are ‘parallel’, λi α = ciλα, for some coefficients ci. Then we have
qAα = λα
∑
ciη
A
i and the condition of q-invariance implies the presence of a factor of δ
(4)(
∑
ciηi) of Grassmann
degree 4 in the amplitude. The only case where all the λi are parallel is the three-point MHV amplitude (which
requires complexified momenta to exist), and hence this is the unique amplitude with Grassmann degree less than
8.
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We notice that An(λ, λ˜, η) (3.19) serves as a generating function for all particle scattering
amplitudes in the N = 4 SYM theory. In order to extract a particular scattering amplitude out
of the superamplitude (3.19), we need to expand it in terms of ηAi and to collect terms of a given
degree at each point, according to the content of the super-wave function (3.10). For example,
if at point i we have a gluon G+, we need (ηi)
0; if the particle is a gluino ΓA, we need (ηi)
1,
etc. The highest degree (ηi)
4 is obtained if a gluon G− occupies position i. In an amplitude
with m negative-helicity gluons, appearing at points i1, . . . , im, there will be a term of the form
(ηi1)
4 . . . (ηim)
4 of degree 4m.
Now, the prefactor δ(8)(qAα ) in (3.19), whose presence is required by supersymmetry, already
has degree 8. This means that the gluon amplitudes extracted from (3.19) must have at least two
negative-helicity gluons, which corresponds to MHV amplitudes. They are described by the first
term in (3.19), with the factor P(0)n of degree zero in η. We see here a very simple explanation of
the well-known fact [35, 36] that N = 4 supersymmetry forbids gluon amplitudes with less than
two negative-helicity gluons.
The last term in (3.19), P(4n−16)n , multiplied by the Grassmann delta function, δ(8)(
∑n
i=1 λ
α
i η
A
i ),
has degree 4(n− 2). It contains a gluon amplitude with n − 2 negative-helicity gluons and two
positive-helicity ones. This is an MHV amplitude which can be obtained from an MHV ampli-
tude by PCT conjugation. Having a term of higher degree in (3.19) would imply the existence
of amplitudes with less than two positive-helicity gluons, which is forbidden by supersymmetry.
This follows from the equivalent antiholomorphic description of the superamplitude mentioned
at the end of Sect. 3.2.14 In a similar manner, the polynomial P(4k)n contains the n−particle
non-MHV scattering amplitudes with total helicity n− 2(k+2) including gluon amplitudes with
(k + 2) gluons of helicity (−1) and the remaining (n− k − 2) gluons with helicity (+1).
The simplest amplitude in (3.19) is the MHV superamplitude
AMHVn (λ, λ˜, η) = i(2π)
4 δ(4)(
n∑
i=1
λαi λ˜
α˙
i ) δ
(8)(
n∑
i=1
λαi η
A
i ) P
(0)
n . (3.20)
What can we say about the factor P(0)n ? It has Grassmann degree zero, so it is independent of the
odd variables η. The two delta functions in (3.20) have no helicity, while according to (3.16) the
superamplitude must have helicity +1 at each point. This helicity should be carried by P(0)n . In
the case of the tree-level MHV amplitude we can determine this factor by comparing it, e.g., to
the gluon amplitude (2.6). As explained above, to have negative-helicity gluons at points 1 and
2 we need to extract the term (η1)
4(η2)
4 from δ(8)(
∑n
i=1 λ
α
i η
A
i ) (at the remaining points we need
no η’s). In doing so, ηA1 and η
A
2 form SU(4) invariants, and the accompanying spinor variables
λ1 and λ2 contract into a Lorentz invariant. The result is 〈12〉
4(η1)
4(η2)
4, which reproduces the
numerator in (2.6). Then the denominator is obtained by setting
P(0)n;0 =
1
〈1 2〉〈2 3〉 . . . 〈n 1〉
, (3.21)
which has the required helicity +1 at each point. Thus, we have derived Nair’s description of the
n-particle MHV tree-level superamplitude
AMHVn;0 =
i(2π)4δ(4)(
∑n
i=1 λ
α
i λ˜
α˙
i ) δ
(8)(
∑n
i=1 λ
α
i η
A
i )
〈1 2〉〈2 3〉 . . . 〈n 1〉
. (3.22)
14An alternative explanation is provided by q¯ supersymmetry, see below.
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Extracting other partial amplitudes from (3.22) one follows the same procedure as above. For in-
stance, the mixed gluon/gluino amplitude (3.1) is obtained by collecting the terms (η1)
4(η2)
1(η3)
3.
Let us come back to the supersymmetry generators (3.11). We have constructed the super-
amplitude (3.19) in such a way that the invariance under the first of them, qAα , is manifest (just
like translation invariance). Let us now consider the second generator
q¯Aα˙ =
n∑
i=1
λ˜i α˙
∂
∂ηAi
. (3.23)
Acting on the argument of δ(8)(
∑n
j=1 λi α η
A
i ) in (3.19), it gives
q¯A α˙(
n∑
i=1
λi α η
B
i ) =
n∑
i=1
λi α λ˜i α˙ , (3.24)
which vanishes due to the momentum conservation delta function δ(4)(
∑n
i=1 λi α λ˜i α˙) in (3.19).
We conclude that the MHV superamplitude (3.22) is invariant under the full on-shell supersym-
metry. As to the other terms in (3.19), the second supersymmetry condition,
q¯A α˙ P
(4k)
n = 0 , (k = 1, . . . , n− 4) , (3.25)
imposes restrictions on their η dependence. For example, the absence of the two terms in (3.19),
P(4n−12)n = P
(4n−8)
n = 0, was explained above by the properties of the MHV amplitude. In fact,
this is equivalent to requiring q¯−invariance. Indeed, the generator (3.23) acts on the η’s as
follows:
δq¯η
A
i = ρ¯
A
α˙ λ˜
α˙
i , (3.26)
with ρ¯Aα˙ being an odd antichiral parameter. This parameter has two components, which can be
used to put to zero any two η’s. The remaining (n− 2) nonvanishing η’s form a q¯−invariant of
maximal degree 4(n−2), of which 8 is already present in the compulsory δ(8)(
∑n
i=1 λi αη
A
i ). Thus,
the maximal degree left for the factors P(4k)n in (3.19) is 4(n− 4), as stated above. Furthermore,
as we will show in Sect. 6, q¯−supersymmetry imposes even stronger restrictions on the NMHV
amplitude (the factor P(4)n in (3.19)).
As was mentioned at the end of Sect. 2.1, the tree-level MHV amplitudes have a conventional
conformal symmetry [1] and, in particular, they are annihilated by the the conformal boost
generator kαα˙, Eq. (2.10). Combined together, supersymmetry and conformal symmetry lead to
the N = 4 superconformal symmetry of the superamplitudes (3.22). The corresponding special
superconformal generators have the form:
sαA =
n∑
i=1
∂2
∂λi α∂ηAi
, s¯Aα˙ =
n∑
i=1
ηAi
∂
∂λ˜α˙i
. (3.27)
To show that sαA annihilates the amplitude (3.22) requires a short calculation [1]. The invariance
under s¯Aα˙ is obvious, due to the fact that acting on (3.22) the generator s¯
A
α˙ shifts the argument
of the momentum delta function in (3.22) by the amount proportional to the argument of the
Grassmann delta function. Together, these symmetries imply invariance of the superamplitude
under kαα˙.
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4 Dual superconformal symmetry of the N = 4
superamplitudes
In this section we extend the notions of full space and dual space from Sect. 2 to chiral superspaces
(subsection 4.2), starting from the on-shell superspace of Sect. 3.2. With the help of these spaces
we define the action of dual superconformal symmetry in Sect. 4.3. In Sect. 4.4 we rewrite the
tree-level MHV superamplitude as a dual superconformal covariant function in dual superspace.
Then, we discuss the dual conformal properties of its various components and, in particular,
explain why only the split-helicity amplitudes are manifestly dual conformal.
4.1 Full superspace
In the preceding section we saw that the superamplitudes have the following general form in the
on-shell superspace,
An = i(2π)
4δ(4)(
n∑
i=1
λαi λ˜
α˙
i )δ
(8)(
n∑
i=1
λαi η
A
i )Pn(λi, λ˜i, ηi). (4.1)
The function Pn depends on the variables λi, λ˜i and ηi (with i = 1, . . . , n) which are constrained
by the two delta functions. As before, the spinor variables λi and λ˜i have to verify the momen-
tum conservation (see (2.12)). In addition, the variables λi and ηi have to satisfy the relation∑n
i=1 λ
α
i η
A
i = 0, which reflects the invariance of the superamplitude under q-supersymmetry. In
very much the same way as it was done in Sect. 2.2, both conditions can be trivially resolved
by introducing new dual variables. Namely, we introduce dual xα˙αi coordinates to solve the mo-
mentum conservation constraint and chiral dual θAαi coordinates to solve for the supercharge
conservation constraint,
n∑
i=1
λαi λ˜
α˙
i = 0 =⇒ x
α˙α
i − x
α˙α
i+1 = λ˜
α˙
ı λ
α
i ,
n∑
i=1
λαi η
A
i = 0 =⇒ θ
Aα
i − θ
Aa
i+1 = λ
α
i η
A
i , (4.2)
and we impose the cyclicity conditions
xn+1 ≡ x1 , θn+1 ≡ θ1 . (4.3)
We will call the space with coordinates (λi, λ˜i, xi, ηi, θi) the ‘full superspace’.
We can think of the relations (4.2) as defining a surface in the full superspace. Then we
can interpret the function Pn appearing in the amplitude (4.1) as a function on this surface. It
is clear that Pn can only depend on the dual x− and θ−coordinates through their differences
xi − xj = xij and θi − θj = θij , thus implying dual (super)translation invariance,
Pαα˙Pn = 0 , QAαPn = 0 . (4.4)
Again, we should stress that the generators of these symmetries,
Pαα˙ =
n∑
i=1
∂
∂xα˙αi
, QAα =
n∑
i=1
∂
∂θAαi
, (4.5)
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are not related to the usual translation generator pαα˙, Eq. (2.8), or supercharge q
A
α , Eq. (3.17),
(an obvious difference is the type of SU(4) index of the dual supercharge QαA as opposed to that
of qAα ). As before, Pαα˙ generates shifts of dual x−variables, while QAα generates shifts of θ’s
δQθ
Aα
i = ǫ
Aα , (4.6)
with ǫAa being a constant odd parameter (a chiral Weyl spinor).
The (super)translation invariance (4.4) can be equivalently interpreted as the possibility to
solve for the dual coordinates xi and θi from (4.2), up to the freedom of choosing the arbitrary
reference points, e.g., x1 and θ1:
(xi)
α˙α = (x1)
α˙α −
i−1∑
k=1
λ˜α˙kλ
α
k , θ
Aα
i = θ
Aα
1 −
i−1∑
k=1
λαk η
A
k . (4.7)
In other words, the definition of the dual coordinates (4.2) is invariant under shifts of xi and
θi by an arbitrary constant vector and spinor, respectively. Clearly, using the dual translation
and supersymmetry invariance (4.4) and the constraints (4.2), we can return to the on-shell
superspace with just λi, λ˜i, ηi as coordinates.
4.2 Dual superspace
Alternatively, we can give a holomorphic description of the superamplitudes by eliminating λ˜i
and ηi instead of xi and θi. As in the bosonic case (see Sect. 2.3), we can rewrite the constraints
(4.2) without using the variables λ˜i and ηi,
(xi i+1)
α˙αλi α = 0 , (θi i+1)
Aαλi α = 0 . (4.8)
These relations are equivalent to (4.2). Indeed, the general solution to (4.8) takes the form
(xi i+1)
α˙α = λ˜α˙i λ
α
i , (θi i+1)
Aα = λαi η
A
i , (4.9)
thus introducing the secondary variables λ˜i and ηi. Namely, λ˜i and ηi can be expressed in terms
of the xi, λi and θi by projecting both relations in (4.9) by, e.g., λi+1α:
λ˜α˙i =
(xi i+1)
α˙αλi+1α
〈i i+ 1〉
, ηAi =
(θi i+1)
Aαλi+1α
〈i i+ 1〉
. (4.10)
With these relations taken into account, the function Pn can now be regarded as a function of
the variables xi, λi, θi.
We call the space with coordinates (xi, λi, θi), satisfying the constraints (4.8), the ‘dual su-
perspace’. It is important to realize that this is a chiral superspace, we only use chiral spinors
λαi and θ
Aα
i , but not their antichiral complex conjugates. The relations between the on-shell, full
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and dual superspaces are summarized in the following diagram:
PSfrag replacements
On-shell space
(λi, λ˜i)
Dual space
(xi, λi)
Full space
(xi, λi, λ˜i)
Eq. (2.19)
Eq. (2.22)
Eq. (2.16)
On-shell superspace
(λαi , λ˜
α˙
i , η
A
i )
Dual superspace
(xαα˙i , λ
α
i , θ
Aα
i )
Full superspace
(λαi , λ˜
α˙
i , x
αα˙
i , η
A
i , θ
Aα
i )
Eq. (4.7) Eq. (4.10)
Eq. (4.2)
4.3 Dual superconformal symmetry
In this subsection, we extend the previous analysis (see Sect. 2.4) of dual conformal properties
of the bosonic coordinates x, λ, λ˜ to the fermionic coordinates θ, η. Starting from the known
transformation properties of the ‘odd’ dual coordinates θAα under inversion, we derive those of
the on-shell variables ηA. In this way we complete dual conformal symmetry SO(2, 4) to the
superconformal symmetry SU(2, 2|4).
4.3.1 Dual Poincare´ supersymmetry
In the dual superspace with coordinates (xi, λi, θi) we introduce the generators
QAα =
n∑
i=1
∂
∂θAαi
, Q¯Aα˙ =
n∑
i=1
θAαi
∂
∂xα˙αi
, Pαα˙ =
n∑
i=1
∂
∂xα˙αi
, (4.11)
satisfying the N = 4 Poincare´ supersymmetry algebra
{QAα, Q¯
B
α˙} = δ
B
A Pαα˙ . (4.12)
The generator Q¯Aα˙ has an induced action on the on-shell superspace variables η, which follows
from (4.10):
Q¯Aα˙ =
n∑
i=1
ηAi
∂
∂λ˜α˙i
. (4.13)
Both forms of Q¯Aα˙ can be obtained from its representation in the full superspace (B.8) by restrict-
ing to the dual superspace or on-shell superspace, respectively. Note that the action of Q¯Aα˙ on the
on-shell superspace (4.13) is identical to the ordinary superconformal generator s¯Aα˙ , Eq. (3.27),
acting in the on-shell superspace. We could say that half of the dual Poincare´ supersymmetry,
Q¯Aα˙ , is induced by the ordinary superconformal symmetry s¯
A
α˙ . In Sect. 4.3.2 we will extend this
dual Poincare´ supersymmetry to the full N = 4 superconformal symmetry SU(2, 2|4).
Now we recall the discussion of the holomorphic approach to the (super)amplitudes from
Sect. 2.3. In the bosonic case we chose to describe the amplitude A(x, λ) in terms of the dual
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space coordinates (xi, λi) and not to consider their complex conjugates. In the supersymmetric
case the analogous choice is that of the chiral dual superspace (x, θ, λ). What motivates this
choice? In Sect. 4.2 we saw that from the chiral dual superspace we can deduce the existence
of the on-shell variables η. In Sect. 3.2 we have shown that the complete, PCT self-conjugate
on-shell gluon supermultiplet can be described in a holomorphic way, in terms of ηA only. It is
precisely this special property of the N = 4 SYM theory which makes it possible to define purely
chiral superamplitudes.
Thus, we can say that the choice of the chiral dual superspace is determined by the holo-
morphic description of the on-shell gluon multiplet. Further, the chiral Grassmann coordinates
θAα have twice the number of degrees of freedom of the on-shell variables η
A, which justifies the
fermionic defining constraint in (4.9). Without the auxiliary spinor variables, in order to ‘halve’
the chiral spinor θAα , we would have to explicitly break Lorentz symmetry. As discussed earlier
in Sect. 3.2, the role of the auxiliary spinor variables λ is to make these light-cone projections
manifestly covariant.
Of course, we could make the equivalent choice of an antichiral dual superspace, corresponding
to the antiholomorphic description of the gluon multiplet in terms of η¯ (see (3.14)). The important
point is that the specific nature of the N = 4 gluon multiplet allows us to use either the one or
the other description, and does not oblige us to mix them.
4.3.2 Chiral realization of the dual SU(2, 2|4)
As in Sect. 2.3, we treat the coordinates of the chiral dual superspace (x, λ, θ) as our ‘primary’
variables. Let us first discuss their superconformal properties and, then, derive the transformation
rules for the ‘secondary’ on-shell superspace variables η.
To begin with, we need to supplement the already known conformal inversion rules for x,
Eq. (2.23), and for λ, Eq. (2.31), with the standard rule for the odd superspace coordinates
θ [37],
I
[
θAαi
]
= (x−1i )
α˙βθAi β , I
[
θAiα
]
= θAβi (x
−1
i )βα˙ . (4.14)
It is easy to see that the defining constraints (4.9) transform covariantly under these transfor-
mations, so the chiral dual superspace is closed under conformal inversion.
The combination of the dual supersymmetry transformation (4.6) with inversion implies an-
other continuous symmetry with generator S¯α˙A = IQAαI, in close analogy with the conformal
boosts Kµ = IP µI. Its action on the odd dual coordinates θ is easy to work out. After the
inversion θi becomes θix
−1
i . Then, after a dual supersymmetry transformation we get (θi+ ǫ)x
−1
i .
Finally, the second inversion brings us to θi + ρ¯xi with ρ¯α˙ = I[ǫα] (as usual, inversion changes
the chirality of the spinors, including the transformation parameters) leading to
δS¯θ
αA
i = ρ¯
A
α˙x
α˙α
i . (4.15)
The generator of this transformation in the dual superspace only acts on θi and leaves the other
variables xi and λi intact
S¯α˙A =
n∑
i=1
xα˙αi
∂
∂θAαi
. (4.16)
Commuting S¯ with the translation generator (4.5), we obtain
[S¯α˙A, Pββ˙] = δ
α˙
β˙
QAβ . (4.17)
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Next, applying inversion to both sides of this commutator, using S¯ = IQI, K = IPI and I2 = I,
we obtain
[QαA, Kββ˙] = ǫαβS¯A β˙ . (4.18)
We identify the generators P,K,Q, S¯ as part of the N = 4 superconformal algebra su(2, 2|4).
The explicit form of the generators of this algebra and their commutation relations can be found
in Appendix B.
The reason why we have su(2, 2|4) and not psu(2, 2|4) is that the algebra involves a central
charge. To see this, consider the anticommutators {Q, S} and {Q¯, S¯} from Eq. (B.3). The
Lorentz (M) and SU(4) (R) generators annihilate the scalar and singlet amplitude, while the
action of the dilatation operator D and the central charge C on the tree-level superamplitude
(3.19) and (3.22) is given by
DAn;0(λ, λ˜, η) = CAn;0(λ, λ˜, η) = −nAn;0(λ, λ˜, η) . (4.19)
Examining the explicit realizations of these two generators, Eqs. (B.12) and (B.13), respectively,
we see that λ and λ˜ have the same dilatation weight (−1/2), while they have opposite central
charges, (−1/2) for λ and (+1/2) for λ˜. This suggests to identify the central charge with helicity.
4.3.3 Induced action on the on-shell odd variables
The fact that the η’s are determined by the θ’s and λ’s (recall (4.10)) implies that their conformal
properties follow from those of θ and λ. Let us begin by making an inversion in the second
equation in (4.9), with the help of (4.14) and (2.31),
(θAi x
−1
i )α˙ − (θ
A
i+1x
−1
i+1)α˙ = (λix
−1
i )α˙ I[η
A
i ] . (4.20)
Then we multiply this equation by (xi)
α˙α from the right, replace θAi+1 by θ
A
i − λiη
A
i using (4.8)
and apply (2.20) to arrive at
λαi
x2i
x2i+1
(
ηAi − θ
A
i x
−1
i λ˜i
)
= λαi I[η
A
i ] . (4.21)
Since this equation should hold for any λαi , we deduce
I[ηAi ] =
x2i
x2i+1
(
ηAi − θ
A
i x
−1
i λ˜i
)
, (4.22)
where the contraction of spinor indices is tacitly implied. Repeating the inversion twice, we
obtain I2[ηAi ] = η
A
i , as expected.
It is important to realize that, contrary to θ−variables, the transformation of η in (4.22) is
not homogeneous (η transforms through itself and through θ). In addition, the relation (4.22)
explicitly involves the antichiral spinor variable λ˜, which takes us out of the holomorphic descrip-
tion. This shows that the η−variables are not well suited for the discussion of the dual conformal
properties of the superamplitude. We will come back to this important point in Sect. 4.4.
The infinitesimal dual superconformal transformation (4.15) of θ induces that of η,
δS¯η
A
i = ρ¯
A
α˙ λ˜
α˙
i (4.23)
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and the corresponding generator S¯α˙A in the on-shell superspace is
15
S¯α˙A =
n∑
i=1
λ˜α˙i
∂
∂ηAi
(4.24)
We remark that the transformation (4.23) is identical to (3.26), and its generator (4.24) coincides
with the supersymmetry generator q¯A α˙ (3.11) acting in the on-shell superspace. We can reverse
the argument and say that the light-cone supercharge q¯A α˙, initially acting on the on-shell super-
space variables η, induces the S¯ transformations of the dual superspace coordinates θ through
the relation (4.2).
4.3.4 Transformation properties of the delta function in the superamplitude
In Sect. 3.3 we have shown that the superamplitude (3.19) contains a prefactor made of two delta
functions, bosonic and fermionic. The dual space interpretation of the bosonic delta function was
given in Sect. 2.5: we first broke the n-point cycle, xn+1 6= x1, and then used the delta function
to impose back the identification xn+1 = x1. In complete analogy, we first relax the cyclicity
condition (4.3) and then replace the product of two delta functions in (3.19) by
δ(4)(x1 − xn+1)δ
(8)(θAa1 − θ
Aα
n+1) . (4.25)
This product imposes the condition (4.3). The advantage of this reformulation, from the point
of view of dual conformal symmetry, is that the covariance of (4.25) under inversion (4.14) is
manifest, assuming that θAn+1 transforms through xn+1. As in the case of the bosonic delta
function, this creates some extra conformal weight at the preferred point 1. We will come back
to this point in Sect. 4.4.
The invariance of the Grassmann delta function in (4.25) under the dual Q supersymmetry
(4.5) is obvious. To show the invariance under the dual special conformal supersymmetry (4.16)
(which is equivalent to the light-cone supersymmetry (3.24)), we again need the help of the
bosonic delta function.
Finally, an interesting question is what is the role of the other half of the ‘odd’ SU(2, 2|4)
generators Q¯, Eqs. (4.11) and (4.13), and S, Eq. (B.15). Applying Q¯ to the argument of bosonic
delta function in (4.25), we obtain Q¯A(x1 − xn+1) = θA1 − θ
A
n+1, which vanishes due to the Grass-
mann delta function in (4.25). Hence, the MHV tree-level superamplitude (3.22) is invariant
under the full dual N = 4 Poincare´ supersymmetry. Combining this with dual conformal sym-
metry, we can say that it is covariant under the full dual SU(2, 2|4). However, as soon as we
turn on the perturbative corrections, which involve non-trivial dependence on x, the role of Q¯
(and consequently of S) becomes less clear. One point we can make is that, unlike S¯, Q¯ cannot
remain an exact symmetry of the amplitude. Indeed, the two symmetries imply the compatibility
condition (see (B.3))
Q¯An = S¯An = 0 =⇒ DAn = CAn . (4.26)
This relation holds at tree level, but it does not survive loop corrections since the dilatation
symmetry becomes anomalous due to the presence of infrared divergences, while the central
charge C still measures the helicity of the superamplitude and, therefore, is protected. We hope
to come back to this issue in the future.
15The representations of S¯α˙A in the dual superspace (4.16) and in the on-shell superspace (4.24) can be obtained
from the representation on the full superspace (B.15).
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4.4 Dual superconformal properties of the tree-level MHV superam-
plitude
The main result of the preceding subsections was the introduction of dual conformal symmetry
(inversion rules (2.31) and (4.14)). We have shown that the denominator in the MHV superam-
plitude (3.22) is covariant under these transformations. The superamplitude also involves two
delta functions whose origin is (super)translation invariance in the on-shell superspace (λ, λ˜, η).
As explained above, their dual conformal properties become manifest if we first break the cyclic-
ity of the amplitude by introducing an extra point in dual superspace, xn+1 6= x1, θn+1 6= θ1,
and then use the delta functions (4.25) to identify the end points. However, this creates extra
conformal weight at the breaking point (x1, θ1), which seems unnatural for a cyclicly symmetric
amplitude.
Fortunately, in the special case of N = 4 dual supersymmetry the product of two delta
functions (4.25) has vanishing conformal weight at point 1 ≡ n + 1. Indeed, under inversion
the bosonic delta function transforms with a weight opposite to that of the space measure,∫
d4x→
∫
d4x x−8, thus δ(4)(x1−xn+1)→ x81 δ
(4)(x1−xn+1). At the same time, since θ1−θn+1 →
x−11 θ1 − x
−1
n+1θn+1 under inversion (4.14), we have δ
(8)(θ1 − θn+1) → x
−8
1 δ
(8)(θ1 − θn+1) due to
x1 = xn+1, so that the product (4.25) remains invariant.
This shows that we could have chosen to break the cycle at any point p, without affecting
the conformal properties of the amplitude. To restore the cyclic symmetry we can sum over all
such choices. This leads the following manifestly dual superconformal covariant expression for
the tree-level MHV superamplitude
AMHVn;0 =
1
n
n∑
p=1
δ(4)(xp − xn+p) δ(8)(θp − θn+p)
〈1 2〉〈2 3〉 . . . 〈n 1〉
, (4.27)
where x− and θ−variables satisfy the defining relations (4.2) with xn+p 6= xp and θn+p 6= θp.
The superamplitude (4.27) is obviously Lorentz and SU(4) invariant. It also has helicity weights
+1 at each point, so that the total helicity equals n in an agreement with (4.19). Moreover, it
transforms covariantly under inversioncand has equal conformal weights +1 at each point
I[AMHVn;0 ] =
(
x21x
2
2 . . . x
2
n
)
AMHVn;0 . (4.28)
However, the representation for the MHV superamplitude (4.27) is not suitable for the practical
purpose of extracting various components of the superamplitude, e.g., gluon amplitudes like (2.6),
etc. To this end, it is necessary to go back to the original form (3.22), where we explicitly see
the on-shell superspace variables η.
In Sects. 2.5 and 2.6 we have shown that the special components of the superamplitude, the
split-helicity amplitudes, have covariant dual conformal transformations, while the rest do not.
What is the reason that the manifest dual conformal covariance of the superamplitude (4.28)
is lost when going down to its components? The answer can be found in the inhomogeneous
transformation of the η’s, Eq. (4.22). Indeed, let us use Q supersymmetry (4.6) to set, e.g.,
θ1 = 0 (this choice is compatible with dual conformal invariance, see (4.14)). Then, using (4.7)
we can rewrite (4.22) as
I[ηi] =
x2i
x2i+1
(
ηi +
i−1∑
k=1
ηk〈k|x
−1
i |i]
)
. (4.29)
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We see that, due to the presence of inhomogeneous term in this relation, the different η terms in
the expansion of the superamplitude can mix with each other under inversion, yielding compli-
cated inhomogeneous transformations for their coefficients (partial scattering amplitudes).
Let us give an example which illustrates this effect. Consider the MHV tree-level superam-
plitude (4.27) and take the term p = 1. Its components originate form the expansion of the
Grassmann delta function in (4.27) or (3.22):
δ(8)(θ1 − θn+1) = δ
(8)(
n∑
i=1
λαi η
A
i ) =
∑
1≤i<j≤n
〈i j〉4 (ηi)
4(ηj)
4 + . . . , (4.30)
where only purely gluon components are shown. We already know the behavior of this delta
function under inversion,
I
[
δ(8)(θ1 − θn+1)
]
= x−81 δ
(2)(θ1 − θn+1) (4.31)
(taking into account the bosonic δ(4)(x1−xn+1)). What can we say about the conformal properties
of its components? In general they are not simple, because of the inhomogeneous term in (4.22).
The exception are the split-helicity amplitudes, for which, e.g., the two negative-helicity gluons
appear at adjacent points i and i + 1. Consider, e.g., the term 〈n− 1 n〉4 (ηn−1)4(ηn)4 in the
right-hand side of (4.30). From (4.29) it is clear that only this term is not affected by the
inhomogeneous transformations, giving (recall (2.33))
I[〈n− 1 n〉4 (ηn−1)
4(ηn)
4] =
〈n− 1 n〉4
x8n−1
x8n−1
x81
(ηn−1)
4(ηn)
4 + . . .
= x−81 〈n− 1 n〉
4 (ηn−1)
4(ηn)
4 + . . . , (4.32)
(here . . . denotes terms of different types), in accord with (4.31). To show the covariance of the
other split helicity terms (ηi)
4(ηi+1)
4 in (4.30), we need to make a different choice for the ‘starting
point’ θ1 = 0 of the cycle.
The same example shows what happens to other amplitudes, which are not of the split-
helicity type. Take, for instance, the term (ηn−2)
4(ηn)
4 in (4.30). It mixes under inversion with
similar term x−81 〈n− 2|x
−1
n−1xn−1 n|n〉
4 (ηn−2)
4(ηn)
4 coming from inhomogenous transformation
of (ηn−1)
4(ηn)
4. This explains why the MHV gluon amplitude An(1
+ . . . (n−2)−(n−1)+n−) does
not have a homogeneous dual conformal transformation.
4.5 Conventional and dual superconformal generators
Just as in the purely bosonic case we can deduce the form of all generators of dual superconfor-
mal transformations by working in the full superspace with coordinates xi, θi, λi, λ˜i, ηi. In this
superspace the superamplitude is supported on a surface defined by the constraints
xα˙αi − x
α˙α
i+1 − λ˜
α˙
i λ
α
i = 0 , θ
Aα
i − θ
Aα
i+1 − λ
α
i η
A
i = 0 . (4.33)
Following the same logic as we used for the bosonic constraints in Sect. 2.7, we can extend
the dual conformal generator acting on (x, θ) to the surface (4.33) in the full superspace. The
resulting generator,
K α˙α =
n∑
i=1
[
xβ˙αi x
α˙β
i
∂
∂xβ˙βi
+ xα˙βi θ
B α
i
∂
∂θβBi
+ xα˙βi λ
α
i
∂
∂λβi
+ xβ˙αi+1λ˜
α˙
i
∂
∂λ˜β˙i
+ λ˜α˙i θ
B α
i+1
∂
∂ηBi
]
, (4.34)
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defines the dual conformal transformation of all variables, xi, θi, λi, λ˜i, ηi.
We can obtain the form of K α˙α in the on-shell superspace by ignoring the first two terms
in (4.34). As in the bosonic case, the conformal transformation introduces a dependence on the
variables xi, θi which do not live in the on-shell superspace. To obtain the generators acting in
the dual superspace we can ignore the final two terms in (4.34). In the same way we can find all
generators of the dual superconformal algebra u(2, 2|4). These are given in Appendix B.
The following picture summarizes the relationship between the two superconformal algebras,
the conventional one (acting in the configuration superspace of the particles) and the dual one
(acting in the dual superspace and shown in capital letters):
PSfrag replacements
On-shell space
(λi, λ˜i)
Dual space
(xi, λi)
Full space
(xi, λi, λ˜i)
Eq. (2.19)
Eq. (2.22)
Eq. (2.16)
On-shell superspace
(λαi , λ˜
α˙
i , η
A
i )
Dual superspace
(xαα˙i , λ
α
i , θ
Aα
i )
Full superspace
(λαi , λ˜
α˙
i , x
αα˙
i , η
A
i , θ
Aα
i )
Eq. (4.7)
Eq. (4.10)
Eq. (4.2)
p
q
s
k
q¯ = S¯
s¯ = Q¯
P
K
S
Q
On the left-hand (conventional) side we have the generators p and q which are trivially
realized on the superamplitude (they vanish due to the delta functions). Further, the generators
k and s are realized in terms of second-order differential operators (see (2.10) and (3.27)), so the
implementation of these symmetries is not straightforward. On the dual side, P and Q act as
(super)translations leading to the elimination of one point, e.g., (x1, θ1) in the dual superspace.
The generators K and S correspond to exact symmetries of the tree-level superamplitude, but
they become anomalous when the loop corrections are switched on. The overlap between the two
superalgebras is over the generators q¯ = S¯ and s¯ = Q¯. The former remain exact symmetries of the
full superamplitude, while the latter are again subject to anomalies due to infrared divergences.
5 The complete n = 6 NMHV superamplitude
In this section, we shall construct the one-loop NMHV superamplitude for n = 6 and compare
it with the one-loop expressions for six-gluon NMHV amplitudes computed in [19]. We would
like to mention that another approach to constructing the n = 6 superamplitude based on the
unitary cuts was proposed in Ref. [39].
We recall that the superamplitude ANMHV6 is a generating function of the scattering amplitudes
(more precisely, planar color-ordered partial amplitudes) of scalars, gluinos and gluons with the
total helicity n− 6 = 0. These amplitudes can be read as the coefficients in expansion of ANMHV6
in powers of η’s. In particular, the six-gluon amplitudes are accompanied by the SU(4) singlets
(ηi)
4(ηj)
4(ηk)
4 (with (ηi)
4 ≡ 1
4!
ǫABCDη
A
i η
B
i η
C
i η
D
i )
ANMHV6 =
∑
1≤i<j<k≤6
(ηi)
4(ηj)
4(ηk)
4A6(i
−j−k−) + . . . (5.1)
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where ANMHV6 (i
−j−k−) stands for the NMHV six-gluon scattering amplitude with i−, j− and
k− denoting gluons with helicity (−1) and remaining gluons carry helicity (+1). Also, the
ellipses represent the scattering amplitudes of scalars and gluinos. The scattering amplitudes
A6(i
−j−k−) are invariant under cyclic shifts, i → i + 1 and flips, i → 7 − i, of six gluons. As
a result, for n = 6 there are only three nontrivial NMHV amplitudes [40] that can be denoted
according to the ordering of the gluon helicities as A+++−−−, A++−+−− and A+−+−+−, so that
A+++−−− ≡ A(1+2+3+4−5−6−) and so on.
5.1 Tree level
As we argued in Sect. 3.3, all six-particle amplitudes can be combined into a single superamplitude
A6 given by (3.19). The n = 6 NMHV amplitude corresponds to the term involving P
(4)
6 . At
tree level, we take into account (3.22) and obtain
ANMHV6;0 = A
MHV
6;0 P
(4)
6;0 (λi, λ˜i, ηi) , (5.2)
where AMHV6;0 is the tree-level MHV amplitude
AMHV6;0 = i(2π)
4 δ
(4)(
∑6
i=1 λ
α
i λ˜
α˙
i ) δ
(8)(
∑6
i=1 λ
α
i η
A
i )
〈1 2〉〈2 3〉 . . . 〈6 1〉
, (5.3)
and P(4)6;0 (λi, λ˜i, ηi) is a homogenous polynomial in η’s of degree 4.
We expect that ANMHV6;0 should have the same transformation properties with respect to dual
superconformal transformations as AMHV6;0 and, therefore, P
(4)
6;0 (λi, λ˜i, ηi) should be superinvariant.
We shall construct such superinvariants for arbitrary n in Sect. 6.2. To simplify the presentation,
we give here the resulting expression for P(4)6;0 (λi, λ˜i, ηi) and refer interested reader to Sect. 6.2
for more details. The superinvariant P(4)6;0 (λi, λ˜i, ηi) has the factorized form
P(4)6;0 (λi, λ˜i, ηi) =
1
6
6∑
p,q,r=1
cpqr δ
(4)(Ξpqr) , (5.4)
where sum runs over all possible n = 6 superinvariants labeled by p 6= q 6= r. The Grassmann
valued ΞApqr(λi, λ˜i, ηi) are linear in η and have the form
ΞApqr = −〈p|
[
xpqxqr
r−1∑
i=p
|i〉ηAi + xprxrq
q−1∑
i=p
|i〉ηAi
]
, (5.5)
with all indices subject to the periodicity condition i ≡ i+ 6. The coefficients cpqr(λi, λ˜i) do not
depend on η’s and will be determined shortly by matching (5.2) and (5.4) with the known result
for six-gluon NMHV amplitude. It is straightforward to verify ΞApqr transforms covariantly under
dual superconformal transformations (see (6.7) below). For P(4)6;0 (λi, λ˜i, ηi) to be invariant under
these transformations, the coefficients cpqr should also transform covariantly in such a way that
the dual conformal weights of cpqr and δ
(4)(Ξpqr) should compensate each other. We shall verify
this property by explicit calculation in Sect. 6.2.
Let us examine the triple sum on the right-hand side of (5.4) and separate the contribution
with p = 1. The remaining terms with 2 ≤ p ≤ 6 can be obtained from the one for p = 1
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by applying cyclic shifts of the indices. As follows from the definition (5.5), Ξ1pq = Ξ1qp and
we can impose the condition p ≤ q. In addition, making use of the on-shell condition (2.20),
xi,i+1|i〉 = 〈i|xi,i+1 = 0, one can verify that all Ξ1pq vanish except Ξ135, Ξ136 and Ξ146. Then,
examining the explicit expressions (5.5) for these quantities we find that they are related to each
other through cyclic shifts of the indices
Ξ136 =
〈12〉
〈23〉
Ξ362 =
〈12〉
〈23〉
P2 Ξ146 ,
Ξ135 =
〈12〉
〈23〉
Ξ352 =
〈12〉
〈23〉
P2 Ξ136 =
〈12〉
〈23〉
〈34〉
〈45〉
P4 Ξ146 , (5.6)
where P performs the cyclic shift of indices i→ i+1 modulo the periodicity condition i ≡ i+6.
These relations allow us to eliminate Ξ136 and Ξ135 as well as their cyclic images from the triple
sum in (5.2) and to rewrite ANMHV6;0 as
ANMHV6;0 = A
MHV
6;0
[
c˜146 δ
(4)(Ξ146) + (cyclic)
]
, (5.7)
where the expression inside the square brackets is invariant under cyclic shift of indices and c˜146
is given by a linear combination of c146 and cyclicly shifted c135 and c136
c˜146 =
1
6
[
c146 + c514
(
〈56〉
〈61〉
)4
+ c351
(
〈56〉
〈61〉
〈34〉
〈45〉
)4]
. (5.8)
The relation (5.7) defines the n = 6 NMHV superamplitude at tree level and it involves only one
unknown function c˜146.
The function c˜146 can be determined by comparing scattering amplitudes of gluons, gluinos
and scalars generated by (5.7) with the known expressions. To perform the comparison, we will
need the expression for Ξ146 in terms of λi, λ¯i and ηi. Using (5.5) we find after some algebra
ΞA146 = 〈61〉〈45〉
(
ηA4 [56] + η
A
5 [64] + η
A
6 [45]
)
. (5.9)
Based on our analysis we expect that the expression for c˜146 has to ensure the dual conformal
invariance of the superamplitude (5.7). In particular, to compensate the conformal weight of
Ξ146 (see Eq. (6.7) below) it should transform under inversions in the dual space as
I[c˜146] = c˜146
(
x21x
2
4x
2
6
)4
, (5.10)
so that I[c˜146δ
(4)(Ξ146)] = c˜146δ
(4)(Ξ146).
5.2 Generalization to all loops
It is straightforward to generalize the relation (5.7) beyond tree level
ANMHV6 = A
MHV
6
[
c˜146 δ
(4)(Ξ146) (1 + aV146) + (cyclic)
]
+O(a2) , (5.11)
where ANMHV6 and A
MHV
6 stand for the all-loop superamplitudes, c˜146 is defined in (5.8) and V146
is a scalar function of xi. Note that the form of Ξpqr is fixed by dual superconformal symmetry
and, therefore, Ξpqr is protected from perturbative corrections.
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Writing down (5.11) we have tacitly assumed that the expression inside square brackets in
the right-hand side of (5.11), to which we shall refer as the ‘ratio’ of the superamplitudes ANMHV6
and AMHV6 , possesses the dual conformal invariance beyond tree level. This property is extremely
nontrivial given the fact that the dual conformal invariance of the MHV amplitude AMHV6 is
known to be broken already at one-loop level. The reason for this is that loop corrections to the
amplitude contain infrared divergences which are regularized within dimensional regularization
by evaluating the relevant Feynman integral in D = 4− 2ǫ dimensions. This immediately breaks
dual conformality of the amplitude and induces an anomalous contribution to the conformal Ward
identities. The phenomenon is rather general and it applies to the amplitude ANMHV6 which also
has infrared divergences to any loop order. Note that the infrared divergences are not sensitive
to the helicities of external particles. They have the same universal form for MHV and NMHV
amplitudes and, therefore, they cancel in the ratio RNMHV6 of the superamplitudes defined as
ANMHV6 = A
MHV
6
[
RNMHV6 +O(ǫ)
]
. (5.12)
Contrary to the superamplitudes ANMHV6 and A
MHV
6 , the ratio function R
NMHV
6 is infrared finite
and, therefore, it is well-defined in D = 4 dimension. This suggests that RNMHV6 should possess
dual superconformal invariance to all loops. If so, then comparing (5.11) and (5.12), we conclude
that the ratio function
RNMHV6 = c˜146 [1 + aV146] δ
(4)(Ξ146) + (cyclic) +O(a
2) (5.13)
should be invariant under dual superconformal transformations and, as a consequence, RNMHV6
has to satisfy a (nonanomalous) conformal Ward identity
Kaa˙RNMHV6 = DR
NMHV
6 = 0 (5.14)
with the conformal boost operator Kaa˙ and the dilatation operator D defined in (B.16) and
(B.12), respectively. As we will see in a moment, this is indeed the case, at least to one loop.
To determine the function c˜146 we shall apply (5.1) to extract from the n = 6 NMHV amplitude
(5.11) the expressions for the six-gluon NMHV scattering amplitudes A6(i
−j−k−) and compare
them with the known one-loop expressions [19]. To make use of (5.11) we have to specify the
perturbative corrections to the MHV superamplitude AMHV6 . The duality relation between the
MHV amplitudes and light-like Wilson loops allows us to write 16
A(MHV)6 = A
(MHV)
6;0 M
(MHV)
6 , lnM
(MHV)
6 = lnW6 +O(ǫ, 1/N
2) (5.15)
where the tree level n = 6 MHV superamplitude AMHV6;0 is given by (3.22) and W6 is the vacuum
expectation value of the light-like Wilson loop evaluated over a hexagonal contour with vertices
located at the points xµi (with i = 1, . . . , 6) which are the dual coordinates related to the gluon
momenta xi − xi+1 = pi. To one-loop level, we find
lnW6 =a
{
−
1
2ǫ2
6∑
i=1
(
−x2i,i+2µ
2
)ǫ
+
1
2
6∑
i=1
[
− ln
(
x2i,i+2
x2i,i+3
)
ln
(
x2i+1,i+3
x2i,i+3
)
(5.16)
+
1
4
ln2
(
x2i,i+3
x2i+1,i+4
)
−
1
2
Li2
(
1−
x2i,i+2x
2
i+3,i+5
x2i,i+3x
2
i+2,i+5
)]}
+O(a2)
16Strictly speaking the duality between lnW6 and lnM
(MHV)
6 holds up to unessential additive constant and
involves a nontrivial redefinition of the infrared/UV regulators. We refer interested reader to [13] for more details.
39
where a = g2N/(8π2) and the periodicity condition i ≡ i+6 is imposed. Combining the relations
(5.11), (5.15) and (5.3), we obtain
ANMHV6 /W6 = (2π)
4δ(4)(
6∑
i=1
pi)
〈61〉4〈45〉4
〈1 2〉〈2 3〉 . . . 〈6 1〉
c˜146(1 + aV146) (5.17)
× δ(8)(
6∑
j=1
λαj η
A
j ) δ
(4)
(
η4[56] + η5[64] + η6[45]
)
+ (cyclic) .
To extract the six-gluon scattering amplitude A6(i
−j−k−) from this relation, we make use of
(5.1), expand the product of two delta functions on the right-hand side of (5.17) and identify the
coefficient in front of η4i η
4
j η
4
k. To simplify the calculation we choose the amplitude A6(4
−5−6−) ≡
A+++−−− and concentrate on the terms ∼ η44η
4
5η
4
6 only. Making use of the identity
δ(8)(
6∑
j=1
λαj η
A
j ) = 〈ik〉
4δ(4)
(
ηi +
∑
j 6=k
ηj
〈jk〉
〈ik〉
)
δ(4)
(
ηk +
∑
j 6=i
ηj
〈ji〉
〈ki〉
)
(5.18)
and choosing appropriately the indices i and k, we find after some algebra
A+++−−−/W6 = C˜(a) +
(
[23]〈56〉
x225
)4
P−2C˜(a) +
(
〈4|x41|1]
x225
)4
P C˜(a) , (5.19)
+
(
[12]〈45〉
x236
)4
P2C˜(a) +
(
〈6|x63|3]
x236
)4
P−1C˜(a) ,
where the following notation was introduced
C˜(a) = c˜146
(〈61〉〈45〉x214)
4
〈1 2〉〈2 3〉 . . . 〈6 1〉
[1 + aV146] (5.20)
and P generates the cyclic shift of indices i→ i+ 1 so that Pk C˜(a) means that all indices in the
expression for C˜(a) should be shifted by i→ i+ k.
5.3 Six-gluon NMHV amplitudes to one loop
To one-loop order, the six-gluon NMHV color-ordered amplitudes A+++−−−, A++−+−− and
A+−+−+− were computed in [19]. To perform a comparison with (5.19) we will only need the
expression for the first amplitude. It reads
A+++−−− = A6;0 + g
2A6;1 +O(g
4) , (5.21)
where the expansion coefficients are given by
A6;0 =
1
2
[B1 +B2 +B3] (5.22)
A6;1 = cΓN
[
B1F
(1)
6 +B2F
(2)
6 +B3F
(3)
6
]
.
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Here cΓ = (4π)
−2+ǫΓ(1 + ǫ)Γ2(1− ǫ)/Γ(1− 2ǫ) is a normalization factor and F (i)6 stand for a
combination of box integrals evaluated within the dimensional regularization with D = 4− 2ǫ
F
(i)
6 =−
1
2ǫ2
6∑
k=1
(
µ2
−x2k,k+2
)ǫ
− ln
(
x2i,i+3
x2i,i+2
)
ln
(
x2i,i+3
x2i+1,i+3
)
− ln
(
x2i,i+3
x2i+3,i+5
)
ln
(
x2i,i+3
x2i+4,i+6
)
+ ln
(
x2i,i+3
x2i+2,i+4
)
ln
(
x2i,i+3
x2i+5,i+1
)
+
1
2
ln
(
x2i,i+2
x2i+3,i+5
)
ln
(
x2i+1,i+3
x2i+4,i+6
)
+
1
2
ln
(
x2i−1,i+1
x2i,i+2
)
ln
(
x2i+1,i+3
x2i+2,i+4
)
+
1
2
ln
(
x2i+2,i+4
x2i+3,i+5
)
ln
(
x2i+4,i+6
x2i+5,i+1
)
+
π2
3
, (5.23)
where x2i,i+3 and x
2
i,i+2 are Mandelstam variables expressed in terms of the dual coordinates. The
explicit expressions for the functions Ba are [19]
17
B1 =i
(x214)
3
〈12〉〈23〉[45][56]〈1|x14|4]〈3|x36|6]
(5.24)
B2 =
(
[23]〈56〉
x225
)4
P−2B1 +
(
〈4|x41|1]
x225
)4
PB1 ,
B3 =
(
[12]〈45〉
x236
)4
P2B1 +
(
〈6|x63|3]
x236
)4
P−1B1
We observe a remarkable similarity between these expressions and those in the expansion of the
superamplitude (5.19).
To separate the infrared divergent and finite parts in A+++−−−, we divide both sides of (5.21)
by the Wilson loop W6 given by (5.16)
A+++−−−/W6 =
1
2
B1
(
1 + aV
(1)
6
)
+
1
2
B2
(
1 + aV
(2)
6
)
+
1
2
B3
(
1 + aV
(3)
6
)
+O(ǫ) . (5.25)
As was already mentioned, infrared divergences have a universal form for all scattering amplitudes
and, therefore, given the fact that the Wilson loop W6 captures the divergences of the MHV
amplitudes, we expect that A+++−−−/W6 should be finite as ǫ → 0. Indeed, performing the
calculation of A+++−−−/W6 to one loop, we find that the functions V
(i)
6 (with i = 1, 2, 3) do not
contain infrared divergences and have the following form
V
(i)
6 = − ln ui lnui+1 +
1
2
3∑
k=1
[
ln uk lnuk+1 + Li2(1− uk)
]
(5.26)
where the periodicity condition ui+3 = ui is implied and u1, u2 and u3 are conformal cross-ratios
in the dual coordinates
u1 =
x213x
2
46
x214x
2
36
, u2 =
x224x
2
15
x225x
2
14
, u3 =
x235x
2
26
x236x
2
25
. (5.27)
17In these relations we used the expressions for Ba from [19] in which we substituted the gluon momenta by the
dual coordinates pi = xi − xi+1 and used the notations for contraction of spinor indices specified in Appendix A.
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Note that V
(i)
6 are invariant under cyclic shifts of the indices
P3 V
(i)
6 = V
(i+3)
6 = V
(i)
6 (5.28)
and, most importantly, V
(i)
6 are invariant under conformal transformations of xi.
We observe here the same phenomenon as was already mentioned in Sect. 5.2. Namely,
A+++−−− and W6 both contain divergences and their (dual) conformal invariance is broken in
dimensional regularization. Nevertheless, the ratio A+++−−−/W6 is finite for ǫ → 0 and, as a
result, it is invariant under conformal transformations in dual x−variables.
5.4 Conformal Ward identities for n = 6 NMHV superamplitude
Let us compare the two expressions for the amplitude A+++−−− given by (5.19) and (5.21). We
recall that the latter expression is the result of the perturbative one-loop calculation of Ref. [19]
while the former expression comes from the expansion of n = 6 NMHV superamplitude and
involves yet unknown function C˜(a) defined in (5.20). This function depends in turn on the
function c˜146 carrying the dependence on helicities of the external gluons and the scalar function
V146.
Matching (5.19) and (5.21) we take into account the identity (5.28) and find that the two
expressions for the scattering amplitude coincide upon identification C˜(a) = B1(1 + aV
(1)
6 )/2, or
equivalently
C˜(a) =
1
2
B1
〈1 2〉〈2 3〉 . . . 〈6 1〉
(x214〈61〉〈45〉)
4
(
1 + aV
(1)
6
)
+O(a2) . (5.29)
Then, we replace B1 by its expression (5.24), compare the result with (5.20) and identify the
expressions for the three-level helicity function c˜146
c˜146 =
1
2
〈34〉〈56〉
x214〈1| x14|4]〈3| x36|6](〈45〉〈61〉)
3[45][56]
, (5.30)
and for the one-loop scalar function V146 = V
(1)
6
V146 = − ln u1 ln u2 +
1
2
3∑
k=1
[
ln uk ln uk+1 + Li2(1− uk)
]
. (5.31)
Substituting (5.30) and (5.31) into (5.11) and (5.13) we obtain the one-loop expression for the
n = 6 NMHV superamplitude and the corresponding ratio function, respectively.
By the construction, the superamplitude AMHV6 defined in (5.17) reproduces the known one-
loop expression for a particular six-gluon NMHV amplitude A+++−−−. At the same time, it also
generate the two other gluon nMHV amplitudes A++−+−− and A+−+−+− as well as many other
amplitudes containing gluinos and scalars. In particular, it follows from our analysis that all
tree-level NMHV amplitudes are described by the following compact expression
AMHV6;0 = i(2π)
4
δ(4)(
∑6
i=1 λiλ˜i) δ
(8)(
∑6
j=1 λ
α
j η
A
j )
〈1 2〉〈2 3〉 . . . 〈6 1〉
(5.32)
×
[
c˜146 〈61〉
4〈45〉4 δ(4)
(
η4[56] + η5[64] + η6[45]
)
+ (cyclic)
]
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with c˜146 given by (5.30). Moreover, adding the one-loop perturbative correction to the ratio
function (5.13) simply amounts to inserting the additional factor (1 + aV146) involving (5.31)
RNMHV6 = c˜146〈61〉
4〈45〉4 [1 + aV146] δ
(4)
(
η4[56] + η5[64] + η6[45]
)
+ (cyclic) (5.33)
As a nontrivial test of these relations, we have verified that, when expanded in powers of η’s,
the expressions for AMHV6;0 and A
MHV
6;1 correctly reproduce all known expressions for tree-level and
one-loop n = 6 NMHV scattering amplitudes.
Next we would like to check the transformation properties of the n = 6 NMHV superamplitude
(5.11) under dual superconformal transformations. To this end, we examine the ratio function
(5.13). As before, the only nontrivial transformations are conformal inversions. Since V146 is
conformal invariant, Eq. (5.31), while Ξ146 transforms covariantly (see Eq. (6.7) below), we have
to examine the action of conformal inversions on the function c˜146, Eq. (5.30). To do this, it is
convenient to obtain another, equivalent representation for c˜146.
We recall that c˜146 is given by a linear combination of three terms (5.8) involving the functions
c146, c514 and c351. Since the six-gluon NMHV superamplitude only depends on c˜146, the definition
of the latter functions is ambiguous. We can make use of this ambiguity to choose the following
ansatz for cpqr (with 1 ≤ p, q, r ≤ 6 and p 6= q 6= r)
cpqr = −
〈q − 1 q〉〈r − 1 r〉
x2qr 〈p|xprxr q−1|q − 1〉 〈p|xprxr q|q〉 〈p|xpqxq r−1|r − 1〉 〈p|xpqxq r|r〉
. (5.34)
where we used the notation for the contraction of spinor indices explained in Appendix A. It is
straightforward to verify that the three terms inside the square brackets on the right-hand side
of (5.8) produce the same contribution and reproduce the relation (5.30)
c˜146 =
1
2
c146 . (5.35)
The relation (5.34) admits a natural generalization from n = 6 to arbitrary n > 6. As we will
argue in the next section, the coefficient functions cpqr enter the expression for the one-loop
n−particle NMHV superamplitudes.
Another remarkable feature of (5.34) is that cpqr is built from exactly those conformal covariant
combinations of spinors that we already encountered before in Sect. 2.6. Making use of the
relations (2.42) and (2.33), it is straightforward to verify that
I[cpqr] = cpqr
(
x21x
2
4x
2
6
)4
. (5.36)
It is remarkable that cpqr transforms covariantly under conformal inversions. Most importantly,
the corresponding conformal weight is exactly the one that is needed to compensate the conformal
weight of δ(4)(Ξ146), Eq. (6.7). This means that the product c146 δ
(4)(Ξ146) is invariant under
inversion and therefore under the SO(2, 4) dual conformal transformations. One can verify that
it is also invariant under superconformal transformations.
Thus, in agreement with our expectations, the ratio function (5.13) is superconformal in-
variant and verifies the conformal Ward identities (5.14). This does not imply however that
the amplitude ANMHV6 is covariant under these transformations. On the contrary, its confor-
mal properties are broken by infrared divergences already at one loop but the corresponding
anomalous contribution cancels against a similar contribution from AMHV6 in such a way that the
corresponding ratio function remains conformal.
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6 Next-to-MHV superamplitude
In this section we propose the general form of the n–particle NMHV one-loop superamplitude.
We construct it from a particular set of three-point nilpotent dual superconformal invariants,
which encode the super-helicity structures. Each such invariant is accompanied by a finite and
exactly dual conformal invariant function made of one-loop momentum integrals. We briefly
discuss the twistor coplanarity properties of the super-helicity structures. We also propose a
new, manifestly Lorentz covariant form of the n–particle NMHV tree-level superamplitude.
6.1 General structure of the NMHV superamplitude
The NMHV gluon amplitudes are characterized by the presence of three negative-helicity gluons.
To describe them we need the second term in the expansion (3.19), i.e. a superamplitude of
Grassmann degree of homogeneity 12. It contains terms of the type (ηi)
4(ηj)
4(ηk)
4, whose coef-
ficients are the amplitudes with gluons of helicity −1 at points i, j, k and +1 elsewhere. By the
same counting, in the MHV case the required Grassmann degree is 8, and it is indeed provided
by the Grassmann delta function in (2.6).
We can assume that the entire MHV amplitude (3.22) should appear as a prefactor in the
NMHV amplitude. The two delta functions are needed for conservation of the (super)momenta.
Further, the bosonic denominator in (3.22) supplies the necessary helicity and conformal weights
+1 at each point. Therefore, the generalization of the MHV superamplitude we are looking for
should have the form
ANMHVn = A
MHV
n × [R
NMHV
n +O(ǫ)] (6.1)
where RNMHVn ∝ (η)
4 is a new factor of Grassmann degree 4. Its perturbative expansion starts
with a tree-level part, after which come the loop corrections. Since the MHV prefactor carries
the necessary helicity and conformal weights, we deduce that RNMHVn must be a Lorentz scalar
of vanishing helicity and be a dual superconformal invariant 18.
Let us try to determine the number of such superconformal invariants. First of all, invariance
under Q–supersymmetry (4.6) implies that they depend only on the Q–invariant variables η. Fur-
ther, using the two projections of the Grassmann parameter ρ¯α˙ of S¯–supersymmetry (4.23), we
can set to zero any two η’s. Then, we can solve for another pair of η’s from the conservation con-
dition (4.2). Thus, in the end we find only n−4 independent Q– and S¯–supersymmetry invariant
variables. We could use them as a basis for constructing SU(4) invariants ǫABCDη
A
k η
B
l η
C
mη
D
n of
the required degree four. The last step would be to try to make all this dual conformal invariant
(not forgetting that we need helicity weight zero). This is not so easy, given the inhomogeneous
transformation law (4.22).
At first sight, the above procedure looks quite complicated. Fortunately, the relevant set of
dual superconformal invariants is suggested to us by comparison with the results on the n−gluon
NMHV amplitude of Bern et al [21].19 In the rest of this section we describe this construction
and formulate our proposal for the complete n-particle NMHV superamplitude. This proposal
generalizes the detailed analysis of the simplest, n = 6 NMHV superamplitude in Sect. 5.
18At least under the action of the dual supersymmetry generators Q and S¯, see the discussion in Sect. 6.5.
19These invariants can be directly obtained by a computation [41] using a supersymmetrized version of the
generalized four-particle cut technique of [22].
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6.2 Three-point superconformal covariants
Our main building block for the new Grassmann factorRNMHVn will be a set of dual superconformal
invariants Rpqr which we construct in Sect. 6.3. These invariants are in turn made of dual
superconformal covariants ΞApqr, which are linear combinations of θ’s labeled by a triplet of points
p, q, r in dual superspace. They have the following manifest properties: (i) invariance under Q–
and S¯–supersymmetry; (ii) invariance under translations (P ); (iii) covariance under inversion
(I) and SU(4). In addition, we want ΞApqr to be Lorentz scalars (but they will carry helicity
at point p). The key idea in constructing such dual supercovariants is to use the two linear
transformations with odd parameters (4.6), (4.15) in order to fix a coordinate frame in which
two θ’s are set to zero. Such a choice is consistent with conformal invariance, as follows from
(4.14). Then we can easily construct a conformal covariant from each of the remaining θ’s, which
are Q– and S¯–invariant in this frame. Finally, we can undo the supersymmetry transformation
which lead to this frame, thus obtaining the manifest supercovariant ΞApqr.
Let us see how this works in detail.20 Choose any triplet of distinct points p, q, r, p 6= q 6= r.
Using (4.6), (4.15) we can shift away two of the θ’s of the triplet, e.g.,
θq = θr = 0 (6.2)
To this end we have to find parameters ǫ, ρ¯ such that
θ′q = θq + ǫ+ xqρ¯ = 0
θ′r = θr + ǫ+ xrρ¯ = 0 (6.3)
The solution of these linear equations is
ρ¯ = −x−1qr (θq − θr) , ǫ = −xqx
−1
qr θr + xrx
−1
qr θq (6.4)
where we are assuming that x2qr 6= 0, i.e. |q − r| ≥ 2.
21
We remark that the case |q − r| = 2 is exceptional. Take, for instance, q = r + 2. Shifting
away θr and θr+2 implies θr+1 = −λrηr = λr+1ηr+1. Then the linear independence of λr and λr+1
yields θr+1 = 0, as well as ηr = ηr+1 = 0. So, in this case we can shift away not two, but three
neighboring θ’s.
In the special frame (6.2), an obvious (but certainly not unique) conformal covariant and
Lorentz invariant, made of the remaining θp, is
λαp θp α ≡ 〈p|θp〉 (6.5)
Let us now construct the supercovariant by ‘undoing’ the supersymmetry transformations
(6.3) which lead to (6.2). This means to do another transformation with the same parameters.
The result is (to put the covariant in a more symmetric form, we multiply it by x2qr)
Ξpqr = Ξprq = 〈p|xpqxqr|θr〉+ 〈p|xprxrq|θq〉+ x
2
qr〈p|θp〉 (6.6)
Note that this covariant depends on three points in dual superspace, xp,q,r, θp,q,r, as well as on
the spinor variable λp. The latter carries helicity weight −1/2 at point p.
20To simplify the notation, we suppress the SU(4) index A.
21Recall that for two adjacent points in dual space, e.g., q and q + 1, the ‘distance’ x2q q+1 = 0.
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This procedure automatically produces a dual conformal covariant. Indeed, using the trans-
formation rules (2.24), (2.31) and (4.14), the covariance under inversion is manifest,
I[Ξpqr] =
Ξpqr
x2px
2
qx
2
r
(6.7)
The invariance under Q follows from the identity xpqxqr + xprxrq + x
2
qrI = 0, which also allows
us to rewrite (6.6) as follows:
Ξpqr = 〈p| [xpqxqr(|θr〉 − |θp〉) + xprxrq(|θq〉 − |θp〉)] (6.8)
= −〈p|
[
xpqxqr
r−1∑
i=p+1
|i〉ηi + xprxrq
q−1∑
i=p+1
|i〉ηi
]
(6.9)
(where we have assumed that p < min(q, r)). As explained earlier, these two symmetries yield
invariance under S¯ (which is also very easy to check explicitly using (4.15)).
Note that besides the forbidden choice |q − r| = 1 (it is easy to see that (6.6) vanishes in
this case), there is another case where the covariant (6.6) is trivial, q = p + 1 (or, equivalently,
r = p + 1). The reason for this is simple. In the frame (6.3), if for example q = p + 1, we have
θp+1 = 0. But then θp = θp+1 + |p〉ηp = |p〉ηp, so 〈p|θp〉 = 0 and Ξp,p+1,r = 0.
Without loss of generality we can order the the points p, q, r clockwise on the circle, p < q < r
(mod n). Then the supercovariants (6.6) exist for the following choices of the indices:
1 ≤ p ≤ n
p+ 2 ≤ q ≤ p− 3 (mod n)
q + 2 ≤ r ≤ p− 1 (mod n) (6.10)
A convenient way to represent such supercovariants pictorially is to use the box diagrams from
[21]. There they were introduced to depict the coefficients of the three-mass box integrals in the
one-loop NMHV amplitude.
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It is easy to count the total number of supercovariants (6.6), n(n − 3)(n − 4)/2. Clearly, it
largely exceeds the number n− 4 of independent covariants that we found above. This suggests
that there exist many identities relating various Ξ’s. Here we present only one of them, which was
needed in Sect. 5. Consider the supercovariants Ξp,p+2,r and Ξp+2,r,p+1 (the restriction r ≥ p+ 4
is assumed; the points are ordered clockwise on the circle). Let us fix the frame θp+2 = θr = 0.
Using (6.8) and the fact that in this frame θp+1 = |p+ 1〉ηp+1, we can bring the two covariants
to the form
Ξp,p+2,r = x
2
p+2, r〈p|θp〉 = x
2
p+2, r〈p|θp+1〉 = x
2
p+2, r〈p|p+ 1〉ηp+1
Ξp+2,r,p+1 = 〈p+ 2|xp+2, rxr ,p+1|θp+1〉 = −x
2
p+2, r〈p|p+ 1〉ηp+1 (6.11)
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hence the relation
Ξp,p+2,r = −
〈p|p+ 1〉
〈p+ 2|p+ 1〉
Ξp+2,r,p+1 (6.12)
6.3 Three-point superconformal invariants
Our next task is to construct the nilpotent factor RNMHVn (6.1) out of the superconformal covari-
ants (6.6). To start with, we need to multiply four supercovariants (not necessarily identical)
together, in order to form an SU(4) invariant of the required odd degree four, ǫABCDΞ
AΞBΞCΞD.
Then, remembering that RNMHVn has to be a dual conformal invariant without helicity (all the
weights are carried by the MHV prefactor in (6.1)), we will need to find an appropriate bosonic
factor which compensates the conformal and helicity weights of the Ξ’s. In principle, there are
many ways how to do this, but one of them is very special – we wish to preserve the three-point
nature of the supercovariant. Thus, we need to take four copies of the same22 Ξpqr and form the
nilpotent SU(4) invariant of degree four
δ(4)(Ξpqr) ≡
1
4!
ǫABCDΞ
A
pqrΞ
B
pqrΞ
C
pqrΞ
D
pqr (6.13)
According to (6.7), it transforms with conformal weight −4 at each point,
I
[
δ(4)(Ξpqr)
]
=
δ(4)(Ξpqr)
x8px
8
qx
8
r
(6.14)
and has helicity weight −2 at point p.
Next, we need to find a bosonic factor cpqr which compensates the above weights. Once
again, we wish to restrict ourselves to using only the three points xp,q,r. Three-point string-type
conformal covariants and Lorentz invariants are shown in (2.42). In our case, the following four
such strings are possible (recall (2.20)):
〈p|xprxr q|q − 1〉 ≡ 〈p|xprxr q−1|q − 1〉
〈p|xprxr q|q〉
〈p|xpqxq r−1|r〉 ≡ 〈p|xpqxq r−1|r − 1〉
〈p|xpqxq r|r〉 (6.15)
Multiplying them together, we obtain the necessary helicity weight −2 at point p. Finally, we
just need a couple of additional obvious factors, which adjust the conformal weights and cancel
the helicity weights at points q − 1, q, r− 1, r. The result is
cpqr =
〈q − 1 q〉〈r − 1 r〉
x2qr 〈p|xprxr q|q − 1〉 〈p|xprxr q|q〉 〈p|xpqxq r|r − 1〉 〈p|xpqxq r|r〉
(6.16)
Thus, we propose to build the nilpotent factor RNMHVn (6.1) as a linear combination of the
following three-point superconformal invariants:
Rpqr = cpqr δ
(4)(Ξpqr) (6.17)
22Any other Ξp′q′r′ will bring in at least one new point.
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By construction, it is manifestly invariant under conformal inversion, as well as Q and S¯ super-
symmetry. Remarkably, (6.17) turns out to be invariant under Q¯ supersymmetry (4.11) as well
(and consequently under S = IQ¯I). The best way to see this is to use the frame fixing procedure
described above. We want to show that
Q¯Aα˙ Rpqr = 0 (6.18)
We already know that S¯α˙A Rpqr = 0, so we derive the compatibility conditions (see (B.3)) (D −
C) Rpqr =M
α˙
β˙
Rpqr = R
A
B Rpqr = 0. They are trivially satisfied since Rpqr has neither conformal
nor helicity weight, and is a Lorentz scalar and SU(4) singlet. The same argument shows that the
left-hand side of Eq. (6.18) is annihilated by S¯ (and also by Q, since {Q, Q¯}Rpqr = P Rpqr = 0).
This allows us to apply the combined Q and S¯ transformation (6.3) which leads to the fixed
supersymmetry frame (6.2). Further, the generator Q¯ (4.11) only sees the three points xp,q,r
inside Rpqr (6.17), but its action on xq,r is trivial in this fixed frame. Moreover, in the same
frame we have Ξpqr = x
2
qr 〈p|θp〉 (see (6.5)), so
Q¯Aα˙ Rpqr = θ
Aα
p
∂
∂xα˙ap
(
〈q − 1 q〉〈r − 1 r〉 x6qr δ
(4)(〈p|θp〉)
〈p|xprxr q|q − 1〉 〈p|xprxr q|q〉 〈p|xpqxq r|r − 1〉 〈p|xpqxq r|r〉
)
∝ 〈p|θp〉 δ
(4)(〈p|θp〉) = 0 (6.19)
The details of this proof explain why we insisted on the three-point nature of the superinvariant
Rpqr – it allowed us, after fixing the frame (6.2), to drastically simplify the structure of the
invariant and of the generator Q¯, and to profit from the odd delta function δ(4)(Ξpqr) which
annihilates the variation.
Summarizing the above argument, the minimal set of requirements that Rpqr must be anni-
hilated by the generators of dual Poincare´ supersymmetry Q, Q¯, P,M , as well as being invariant
under dual conformal inversion and SU(4), implies that it is a dual superconformal invariant of
the full SU(2, 2|4). Further, if we restrict ourselves to three-point invariants, then (6.17) is the
only solution. We point out once again that the three-point nature of the invariants has to do
with the 3-mass-box one-loop integrals in the gluon amplitude of [21]. For NNMHV amplitudes,
where also 4-mass boxes appear, the situation may change and we may have to use four-point
invariants. This question is still under investigation.
Another interesting property of the superinvariants (6.17) is their independence of λ˜. Indeed,
both the odd covariants Ξpqr (6.6) and the coefficients cpqr (6.16) are expressed in terms of the
dual chiral superspace coordinates x, θ, λ. The dependence on λ˜ is only implicit, through the xij .
This is another manifestation of the holomorphic nature of the N = 4 superamplitudes.
Finally, we note that the identity (6.12) between supercovariants can be upgraded to an
identity between the corresponding superinvariants,
Rp,p+2,r = Rp+2,r,p+1 (6.20)
It is most easily shown in a fixed frame of the type (6.2).
6.4 Twistor coplanarity of the superinvariants
One of the main observations of Witten [1] was that the gluon amplitudes, formulated in the
on-shell space with coordinates λ, λ˜, exhibit some unexpected simple geometric properties after
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performing a ‘twistor transform’ (a partial Fourier transform of the variables λ˜, but not of λ).
One such property is ‘twistor coplanarity’. Formulated in terms of the original amplitude A(λ, λ˜)
(before the twistor transform), it takes the form of a second-order differential constraint:
Kmnst A(λ, λ˜) = 0 (6.21)
where the coplanarity operator is
Kmnst = 〈mn〉κst + permutations , κst = ∂α˙ sǫ
α˙β˙∂α˙ t , ∂α˙ s ≡
∂
∂λ˜α˙s
(6.22)
for any set of four points m,n, s, t. This property has been widely discussed in the literature. In
particular, in [21] it was shown that the 3-mass-box coefficients are annihilated by the coplanarity
operator.
Here we demonstrate that our dual superinvariants Rpqr (which contain, among others, the
3-mass-box coefficients) are coplanar in the above sense, as a direct corollary of (i) Q¯ super-
symmetry and (ii) a much simpler, supersymmetric version of (6.21). To do this, we regard the
superinvariants as functions of the on-shell superspace variables, RNMHVpqr (λ, λ˜, η). Let us then
define the ‘super-coplanarity’ operator
ΩAB st = ΩBA st = ∂As∂B t − ∂A t∂B s , ∂As ≡
∂
∂ηAs
(6.23)
Now, let us apply this operator to Rpqr, assuming that both points s, t fall within the range of
η’s in Ξpqr (6.9) (otherwise ΩAB st annihilates Rpqr trivially). The derivatives in (6.23) free two
of the SU(4) indices of ǫABCD, which contradicts the symmetry of Ω. Thus,
ΩAB st Rpqr = 0 (6.24)
We have also seen that Rpqr is annihilated by the dual supersymmetry generator Q¯. Then,
(anti)commuting Q¯ (in the form (4.13)) twice with Ω, we find
{Q¯D
β˙
, [Q¯Cα˙ ,ΩAB st]} ≃ ǫα˙β˙δ
C
(Aδ
D
B) κst (6.25)
We thus see that the coplanarity of the superinvariants,
Kmnst Rpqr = 0 (6.26)
is an immediate consequence of super-coplanarity (6.24) and of the dual Q¯ supersymmetry. The
former of these properties is valid at tree as well as at loop level (it is an obvious property
of the super-helicity structures), while the latter is sensitive to the x–dependence and becomes
anomalous in the presence of infrared divergent loop corrections.
6.5 The complete NMHV n-point one-loop superamplitude.
New form of the tree-level amplitude
We are now ready to formulate our proposal for the complete one-loop NMHV n-point superam-
plitude:
ANMHVn = A
MHV
n
[
n∑
p,q,r=1
Rpqr
(
1 + aVpqr(xij) +O(ǫ)
)
+O(a2)
]
(6.27)
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Here the nilpotent superconformal invariants Rpqr (6.17) encode the helicity structures for all the
component amplitudes. In particular, expanding (6.27) in powers of η and collecting the terms
(ηm1)
4(ηm2)
4(ηm3)
4, we obtain the helicity structures of the gluon amplitudes. This straightfor-
ward procedure (illustrated in detail in Sect. 5 for the case n = 6) exactly reproduces the full list
of 3-mass-box coefficients from [21].
Further, the factors Vpqr(xij) in (6.27) contain the finite one-loop corrections (the infrared
divergent part is in the MHV prefactor in (6.27)). They are given by appropriate combinations
of 3-, 2- and 1-mass-box one-loop momentum integrals. One of our main claims is that Vpqr(xij)
are dual conformal invariant functions of the dual space coordinates. The explicit n = 6 example
worked out in detail in Sect. 5 confirms this conjecture. Further evidence in favor of the proposal
(6.27) will be given in [41].
We recall that the manifest symmetries of each term in (6.27) are: helicity covariance, Lorentz
invariance, as well as invariance under part of the dual superconformal algebra, namely Q, S¯, P .
The rest of the dual SU(2, 2|4) could be obtained if we add Q¯ (and hence K, D and S) to the list
of generators annihilating the superamplitude. Above we showed that the nilpotent structures
Rpqr do indeed have this extended symmetry. However, the loop corrections V
(1)
pqr (xij) involve non-
trivial dependence on the dual space coordinates, which is seen by the generator Q¯. Moreover, as
mentioned in Sect. 2.8, the MHV prefactor in (6.1) contains the dual conformal anomalous part
of the amplitude, which inevitably must break the Q¯ symmetry (since S¯ is a manifest symmetry
of the one-loop amplitude).
Collecting the a0 terms in the perturbative expansion (6.27), we obtain the following new
form of the tree-level NMHV amplitude:
ANMHVn;0 =
δ(4)(
∑n
i=1 λiλ˜i) δ
(8)(
∑n
j=1 λj ηj)
〈1 2〉〈2 3〉 . . . 〈n 1〉
∑
p,q,r
Rpqr (6.28)
Expanding (6.28) in η, we have checked that its gluon tree-level components coincide with those
given in [21]. The non-MHV tree-level amplitudes have been widely studied in the literature. In
particular, Cachazo, Svrcek and Witten [42] have proposed a method for constructing them by
combining MHV vertices. The characteristic feature of this approach is that it involves a constant
fixed spinor (‘reference spinor’) which breaks manifest Lorentz invariance.23 In [44] Georgiou,
Glover and Khoze adapted the CSW construction for NMHV amplitudes to superspace. Their
form of the tree amplitude bears some similarity to ours (6.28), but the main difference again is
the use of a reference spinor and the loss of Lorentz invariance (see Appendix C for details).
7 Conclusions and outlook
In this paper, we have argued that the dual conformal symmetry previously observed for MHV
amplitudes is part of a dual superconformal symmetry that governs the form of all (NMHV,
NNMHV, ...) scattering amplitudes in N = 4 SYM.
It is important to realize that dual conformal symmetry is broken by the infrared regulator.
Therefore, in order to be able to make predictions about scattering amplitudes, one has to con-
trol how this symmetry is broken. Insight into the mechanism of breakdown of dual conformal
23In [42] it was argued that the sum of all MHV×MHV diagrams effectively does not depend on the reference
spinor. Later on Kosower [43] was able to rewrite the CSW NMHV tree amplitude in a form where the reference
spinor manifestly drops out.
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symmetry has come from the study of a particular type of light-like Wilson loops, which are
expected to be dual to MHV gluon scattering amplitudes [6, 9, 10, 11, 12, 15, 13]. The Wilson
loops satisfy anomalous conformal Ward identities derived in [11, 12], and so do the MHV ampli-
tudes, through the conjectured duality. More precisely, the finite part of the amplitude satisfies
the anomalous Ward identity (see Sect. 2.8)
KµFMHVn =
1
2
Γcusp(a)
n∑
i=1
ln
x2i,i+2
x2i−1,i+1
xµi,i+1 +O(ǫ) . (7.1)
As we have shown in this paper, the dual conformal properties of non-MHV amplitudes can
be made manifest as well. In order to do this, one introduces the Grassmann variables ηi to
describe the N = 4 supermultiplet, together with dual superspace coordinates
λi α η
A
i = θ
A
iα − θ
A
i+1α , (7.2)
in close analogy with the dual bosonic coordinates defined by λi αλ˜i α˙ = xi αα˙ − xi+1αα˙. We
conjecture that all amplitudes satisfy the same anomalous dual conformal Ward identities as the
MHV amplitudes. In other words, we choose to write the full n-point superamplitude as
An = A
MHV
n [Rn(xi, θi, λi) +O(ǫ)] , (7.3)
where Rn = 1+R
(1)
n +R
(2)
n + ...+R
(n−4)
n and R
(p)
n contains the terms corresponding to the NpMHV
amplitudes. Then the infrared divergences and the conformal anomaly are contained in AMHVn ,
and therefore the (infrared finite) function Rn satisfies the conformal Ward identity
KµRn(xi, θi, λi) = 0 , (7.4)
with the conformal boost operator Kµ defined appropriately on the superspace, see equation
(4.34) for its explicit expression. In order to check our conjecture (7.4), we wrote various one-
loop NMHV amplitudes that were available in the literature [19, 20, 21, 27] in the superspace form
using ηi. We illustrated this by giving the explicit example of the n = 6 NMHV superamplitude,
where R
(1)
6 could be written in a manifestly dual conformal form, so that it obviously vanishes
under the action of Kµ.
An equivalent way of stating our conjecture is the following. We can write the MHV factor
in (7.3) as the product of its tree-level AMHVn;0 and loop-correction Mn(xi;µ, ǫ) parts and then
combine everything except the tree-level MHV factor into a single scalar function Mn,
An = A
MHV
n;0 Mn(xi, θi, λi;µ, ǫ). (7.5)
The function Mn is simply the product Mn(xi) [Rn(xi, θi, λi) +O(ǫ)]. Then one can take the
logarithm of Mn,
lnMn = [IR divergences] + Fn +O(ǫ). (7.6)
Finally the conjecture (7.4) can be restated as the fact that Fn (which is nothing but F
MHV
n +lnRn)
satisfies the anomalous Ward identity,
KµFn =
1
2
Γcusp(a)
n∑
i=1
ln
x2i,i+2
x2i−1,i+1
xµi,i+1 +O(ǫ) . (7.7)
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The reason why the dual conformal properties of the amplitudes become apparent only in
superspace is that under conformal boosts different component amplitudes transform into each
other, and it is only the superamplitude which has definite conformal properties. We pointed
out that there is a sub-class of amplitudes, the split-helicity amplitudes, which are exceptional.
The do not ’mix’ with other amplitudes in the above sense and therefore are dual conformal on
their own. This allows us to suggest a two-loop test of our conjecture: for example, the ANMHV6
amplitude with helicity assignment (+ + +−−−) should be dual conformal on its own.
One of the results of this paper is a compact form for all NMHV one-loop amplitudes for
arbitrary external particles, namely
ANMHVn = A
MHV
n
[
n∑
p,q,r=1
Rpqr
(
1 + aVpqr(xij) +O(ǫ)
)
+O(a2)
]
(7.8)
where the dual superinvariants Rpqr were defined in (6.17), and Vpqr(xij) is a scalar dual conformal
function. Beyond n = 6 we obtained (7.8) from an explicit calculation using the method of
generalized unitarity cuts [22]. Using this manifestly supersymmetric setup for the unitarity
cuts, the form (7.8) of the NMHV amplitudes emerges naturally. We will present the details of
these results in a forthcoming publication.
We stress that (7.8) also provides an explicit form of the tree amplitude,
ANMHVn;0 =
δ(4)(
∑n
i=1 λiλ˜i) δ
(8)(
∑n
j=1 λj ηj)
〈1 2〉〈2 3〉 . . . 〈n 1〉
∑
p,q,r
Rpqr (7.9)
Such tree amplitudes appear for example when one computes one-loop amplitudes with a high
number of external legs using the (generalized) unitarity cut method. Indeed, using maximal
cuts, loop amplitudes can be constructed from the tree amplitudes, and therefore it is important
to have explicit expressions for the latter. A similar application may be the computation of
amplitudes in N = 8 SYM using the KLT relations [45]. Notice that our formula for the tree-
level NMHV amplitudes does not depend on a reference spinor, as compared to [42, 44, 46]. It
would be interesting to see how formulae obtained from recursion relations including a reference
spinor are equivalent to our formula.
It is natural to ask whether our amplitudes have a geometrical interpretation in (super-)
twistor space. For example, MHV tree-level amplitudes lie on lines in supertwistor space [1].
The twistor space properties of NMHV gluon amplitudes were studied in [20, 21]. We find it
likely that our NMHV superamplitudes will allow for an interpretation in supertwistor space.
This point is currently under investigation.
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Appendices
A Notations and conventions
In this paper we use the two-component spinor formalism.
The dotted and undotted spinor indices are raised and lowered as follows:
ψα = ǫαβψβ , χ¯
α˙ = ǫα˙β˙χ¯β˙ ; (A.1)
ψα = ǫαβψ
β , χ¯α˙ = ǫα˙β˙χ¯
β˙ (A.2)
where the antisymmetric ǫ symbols have the properties:
ǫ12 = ǫ1˙2˙ = −ǫ
12 = −ǫ1˙2˙ = 1 , ǫαβǫ
βγ = δγα , ǫα˙β˙ǫ
β˙γ˙ = δγ˙α˙ (A.3)
The convention for the contraction of a pair of spinor indices is
ψαλα ≡ 〈ψλ〉 , χ¯α˙ρ¯
α˙ ≡ [χ¯ρ¯] (A.4)
Two-component spinors satisfy the cyclic identity
〈ψλ〉χα + 〈λχ〉ψα + 〈χψ〉λα = 0 (A.5)
which simply means that the antisymmetrization over three two-component indices vanishes
identically.
The sigma matrices σµ are defined as follows:
(σµ)αα˙ = (1, ~σ)αα˙ , (σ˜
µ)α˙α = ǫα˙β˙ǫαβ(σµ)ββ˙ = (1,−~σ)
α˙α (A.6)
and have the basic properties:
σµσ˜ν = ηµν − iσµν , σ˜µσν = ηµν − iσ˜µν ,
(σµ)αα˙(σ˜µ)
β˙β = 2δβαδ
β˙
α˙ , (σµ)αα˙(σ˜
ν)α˙α = 2δνµ , (A.7)
σµν = −σνµ , σ˜µν = −σ˜νµ , (σµν)α
α = (σ˜µν)α˙
α˙ = 0
A four-vector xµ can be written as a two-component bispinor:
xαα˙ = x
µ(σµ)αα˙ , x
α˙α = xµσ˜α˙αµ , x
µ =
1
2
xα˙ασµαα˙ (A.8)
Its square x2 can be expressed in various ways:
x2 = xµxµ =
1
2
xα˙αxαα˙ , xαα˙ x
α˙β = x2δβα , x
α˙α xαβ˙ = x
2δα˙
β˙
(A.9)
Its ‘inverse’ xµ/x2 takes the matrix form
(x−1)αα˙ =
xαα˙
x2
, (x−1)αα˙x
α˙β = δβα , x
α˙α(x−1)αβ˙ = δ
α˙
β˙
(A.10)
We often have to deal with ‘strings’ of commuting spinors λ, λ˜ and vectors x, for which we
use the following short-hand notations, e.g.:
〈p|xmnxkl|q〉 = λ
α
p (xmn)αα˙(xkl)
α˙βλq β = −〈q|xklxmn|p〉 (A.11)
〈p|xmn|q] = λ
α
p (xmn)αα˙λ˜
α˙
q , etc.
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B Conventional and dual superconformal generators
In this appendix we give the conventional and dual representations of the superconformal algebra.
We begin by listing the commutation relations of the algebra u(2, 2|4). The Lorentz generators
Mαβ, Mα˙β˙ and the su(4) generators R
A
B act canonically on the remaining generators carrying
Lorentz or su(4) indices. The dilatation D and hypercharge B act via
[D, J] = dim(J), [B, J] = hyp(J). (B.1)
The non-zero dimensions and hypercharges of the various generators are
dim(P) = 1, dim(Q) = dim(Q) = 1
2
, dim(S) = dim(S) = −1
2
dim(K) = −1, hyp(Q) = hyp(S) = 1
2
, hyp(Q) = hyp(S) = −1
2
. (B.2)
The remaining non-trivial commutation relations are,
{QαA,Q
B
α˙ } = δ
B
APαα˙, {SαA, S
B
α˙} = δ
B
AKαα˙,
[Pαα˙, S
A
β ] = ǫα˙β˙Q
A
α˙ , [Kαα˙,QβA] = ǫαβS
A
α˙ ,
[Pαα˙, Sβ˙A] = ǫα˙β˙QαA, [Kαα˙,Qβ˙A] = ǫα˙β˙SαA,
[Kαα˙,P
ββ˙] = δβαδ
β˙
α˙D+Mα
βδβ˙α˙ +Mα˙
β˙δβα,
{QαA, S
B
β } = ǫαβR
B
A +Mαβδ
B
A + ǫαβδ
B
A(D+ C),
{Q
A
α˙ , Sβ˙B} = ǫα˙β˙R
A
B +Mα˙β˙δ
A
B + ǫα˙β˙δ
A
B(D− C). (B.3)
We now give the generators in both the conventional and dual representations of the supercon-
formal algebra. We will use the following shorthand notation:
∂iαα˙ =
∂
∂xαα˙i
, ∂iαA =
∂
∂θαAi
, ∂iα =
∂
∂λαi
, ∂iα˙ =
∂
∂λ¯α˙i
, ∂iA =
∂
∂ηAi
. (B.4)
We first give the generators of the conventional superconformal symmetry, using lower case
characters to distinguish these generators from the dual superconformal generators which follow
afterwards.
pαα˙ =
∑
i λ
α
i λ¯
α˙
i , kαα˙ =
∑
i ∂iα∂iα˙,
mα˙β˙ =
∑
i λ¯i(α˙∂iβ˙), mαβ =
∑
i λi(α∂iβ),
d =
∑
i[
1
2
λαi ∂iα +
1
2
λ¯α˙i ∂iα˙ + 2], r
A
B =
∑
i[η
A
i ∂iB −
1
4
ηCi ∂iC ],
qαA =
∑
i λ
α
i η
A
i , q¯
α˙
A =
∑
i λ¯
α˙
i ∂iA,
sαA =
∑
i ∂iα∂iA, s¯
A
α˙ =
∑
i η
A
i ∂iα˙.
We can construct the generators of dual superconformal transformations by starting with
the standard chiral representation and extending the generators so that they commute with the
constraints,
(xi − xi+1)αα˙ − λi α λ˜i α˙ = 0, (θi − θi+1)
A
α − λiαη
A
i = 0. (B.5)
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By construction they preserve the surface defined by these constraints, which is where the am-
plitude has support. The generators are
Pαα˙ =
∑
i
∂iαα˙, (B.6)
QαA =
∑
i
∂iαA, (B.7)
Q
A
α˙ =
∑
i
[θαAi ∂iαα˙ + η
A
i ∂iα˙], (B.8)
Mαβ =
∑
i
[xi(α
α˙∂iβ)α˙ + θ
A
i(α∂iβ)A + λi(α∂iβ)], (B.9)
M α˙β˙ =
∑
i
[xi(α˙
α∂iβ˙)α + λ¯i(α˙∂iβ˙)], (B.10)
RAB =
∑
i
[θαAi ∂iαB + η
A
i ∂iB −
1
4
δABθ
αC
i ∂iαC −
1
4
ηCi ∂iC ], (B.11)
D =
∑
i
[xαα˙i ∂iαα˙ +
1
2
θαAi ∂iαA +
1
2
λαi ∂iα +
1
2
λ¯α˙i ∂iα˙], (B.12)
C =
∑
i
1
2
[λαi ∂iα − λ¯
α˙
i ∂iα˙ − η
A
i ∂iA], (B.13)
SAα =
∑
i
[θBiαθ
βA
i ∂iβB − xiα
β˙θβAi ∂ββ˙ − λiαθ
γA
i ∂iγ − xi+1α
β˙ηAi ∂iβ˙ + θ
B
i+1αη
A
i ∂iB], (B.14)
Sα˙A =
∑
i
[xiα˙
β∂iβA + λ¯iα˙∂iA], (B.15)
Kαα˙ =
∑
i
[xiα
β˙xiα˙
β∂iββ˙ + xiα˙
βθBiα∂iβB + xiα˙
βλiα∂iβ + xi+1α
β˙λ¯iα˙∂iβ˙ + λ¯iα˙θ
B
i+1α∂iB]. (B.16)
We also have the hypercharge B,
B =
∑
i
1
2
[θαAi ∂iαA + λ
α
i ∂iα − λ¯
α˙
i ∂iα˙] (B.17)
Note that if we restrict the dual generators Q¯, S¯ to the on-shell superspace they become identical
to the conventional generators s¯, q¯.
C NMHV tree-level amplitudes with and without refer-
ence spinor
Let us rewrite the tree amplitude (6.28), in a way such that it resembles the GGK tree amplitude
[44] with the reference spinor of CSW [42]. Define 〈Iq| = 〈1|x1rxqr and 〈Ir| = 〈1|x1qxqr (with
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〈Iq| − 〈Ir| = x2qr〈1|). Then (6.28) becomes (we have singled out the term p = 1)
ANMHVn;0 = δ
(4)(
n∑
i=1
λiλ˜i) δ
(8)(
n∑
j=1
λjηj)
×
[∑
q,r
δ(4)(
∑r−1
k=q〈Ir k〉ηk+
∑q−1
k=1(〈Ir k〉 − 〈Iq k〉)ηk)
x2qr 〈1 2〉 . . . 〈q − 1 Iq〉〈Iq q〉 . . . 〈r − 1 Ir〉〈Ir r〉 . . . 〈n 1〉
+ cycle
]
(C.1)
Now, compare this to Eqs. (5.9), (5.10) from [44] for the same amplitude (with the identifi-
cation i ≡ q − 1, j ≡ r − 1, q2I ≡ x
2
qr; the argument of GGK’s δ
(4) should be replaced by the
complementary cluster n2). GGK have a unique 〈I| = [ξref |xqr defined with the help of CSW’s
reference spinor [ξref |. Their amplitude has the form:
ACSW−GGKn;0 = δ
(4)(
n∑
i=1
λiλ˜i) δ
(8)(
n∑
j=1
λjηj)
×
∑
q,r
δ(4)(
∑r−1
k=q〈I k〉ηk)
x2qr 〈1 2〉 . . . 〈q − 1 I〉〈I q〉 . . . 〈r − 1 I〉〈I r〉 . . . 〈n 1〉
(C.2)
The main difference is that in (C.1) we are using two spinors, [ξq| = 〈1|x1q and [ξr| = 〈1|x1r (being
expressed in terms of the external particle variables, they are not ‘reference’ spinors), while in
(C.2) they have been merged into a single constant spinor, [ξq| = [ξr| ≡ [ξref |, independent on the
external particle variables.
It is an interesting question to find out how the two expressions (C.1) and (C.2) are equivalent.
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